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ABSTRACT:

We build and linearize a new analytical general equilibrium model with “good” and “bad”
forms of waste disposal, when “ugly” illegal disposal cannot be taxed or regulated. This model
can apply to any pollution problem in the air, water, or land. We find closed-form solutions for
changes in each outcome from a small change in tax, and we use those expressions in a welfare
function to find closed-form solutions for levels of the two second-best optimal tax rates (which
depend on all damages, elasticities, and share parameters). The tax on bad disposal might be less
than the tax on good disposal, or even less than zero, if bad disposal is the best substitute for ugly
disposal. We calibrate the model for numerical illustrations and show how partial equilibrium
elasticities and parameters combine with resource constraints and revenue requirements to
determine very different general equilibrium elasticities for effects on each outcome. These
general equilibrium outcomes are what matter to set the two optimal tax rates.
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Any type of pollution or waste involves production or disposal options that might include a
“good” category of choices that are relatively clean: electric cars, methane capture, or waste
recycling. Another category is “bad” options that are dirtier but still legal: gasoline cars, flaring
methane, or waste into legal landfills. Unfortunately, however, firms or households can also
make cheaper “ugly” choices: illegal emissions into air, water, or land. In Pigou (1920), a
welfare-maximizing planner imposes a first-best optimal (FBO) tax on each activity at a rate
equal to its marginal external damage (MED). But enforcing rules on illegal activities are often
too costly or impossible. Even if illegal dumping is a small fraction of total waste, its high MED
can imply large total social costs. As a result, much empirical research in economics has
measured how these production or disposal choices respond to taxes or regulation.

This empirical literature is wide and deep. Table 1 lists eight diverse examples including
industrial and household waste disposal options and choices about production and emissions into
air or water. In one example, vehicles can involve zero emissions, gasoline combustion, or ugly
choices like driving with a failed emissions test. The eight listed papers measure behavior and
discuss policy. But none has a theoretical framework with formal statements about conditions
under which each taxable choice would optimally be taxed more or less than others.

This paper builds a new analytical general equilibrium (GE) model with three waste
options (good, bad, and ugly). We also solve two special cases. We use each model to derive
second-best optimal (SBO) tax or subsidy rates on the taxable good or bad waste categories. Our
models are general enough that production choices about emissions are equivalent to household
choices about final disposal. Any disposal option could be untaxable, with the same results, but
we focus on the case where the dirtiest option is the one that cannot be taxed or regulated. We
also show how GE elasticities differ substantially from partial equilibrium (PE) elasticities.

In any model, subsidies to legal waste disposal would not be surprising, as virtually all
eight papers listed in Table 1 make that suggestion (e.g., subsidize low-polluting methods to
avoid worse outcomes).! But subsidizing all cleaner options is too easy a solution. Even a
benevolent social planner must make difficult choices in the face of resource and budget

constraints. For this reason, we also show implications of a revenue constraint, requiring a tax on

! Fullerton and Kinnaman (1995) study garbage, recycling, and illicit dumping, and they derive a FBO deposit-
refund system. Thus, a deposit-refund system might circumvent the need for SBO tax rates. For a case that
necessitates the second-best policies in this paper, it must be that the FBO deposit-refund system is not available.
For example, politicians may like a subsidy to recycling but abhor a tax (deposit) on output. Or perhaps coordination
is too difficult when a regional level of government controls output taxes and local government controls recycling
policy. In any case, that paper does not consider second-best optimal tax rates, as done here.
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at least one option. Our closed-form solutions show how SBO tax rates depend on elasticity and

share parameters. In many cases, the good choice gets a subsidy and the bad one gets taxed. But

we also show wide sets of parameter configurations where the badly polluting option is optimally

subsidized, and the revenue requirement means that the clean option must pay tax.

Table 1: A Few Examples from Empirical or Numerical Economics Literature

Example

Production or Disposal

Methods

Result suggesting a subsidy to a
dirty (i.e., “bad”) form of disposal

Toxic chemical
waste

Good: recycling
Bad: legal disposal
Ugly: dumping

Sullivan (1987): Optimal subsidy for legal disposal,
34.9% of price, “is more efficient than the optimum
enforcement program” (p.65).

Household solid
waste

Good: recycling
Bad: garbage
Ugly: dumping

Fullerton and Kinnaman (1996): An 80-cent price
per bag reduces garbage but increases dumping by a
third of that amount.

Informal sector
brick oven fuels
(Mexico)

Good: renewables
Bad: propane
Ugly: used tires

Blackman and Bannister (1998): Encouraging
propane can avoid “cheap, highly polluting fuels
such as used tires and scrap wood” (p.1).

Used motor oil

Good: re-refining
Bad: legal disposal
Ugly: dumping

Sigman (1998): Illegal dumping of used motor oil
rises in response to higher costs of legal waste
disposal or higher costs of re-refining for reuse.

Industrial waste
(Japan)

Good: recycling
Bad: legal disposal
Ugly: dumping

Ichinose and Yamamoto (2011): Funding the
provision of additional legal waste treatment
facilities would reduce illegal dumping.

Shale gas wells
affect surface
water

Good: reuse, recycling
Bad: treated discharge
Ugly: direct discharge

Olmstead et al (2013): “Direct discharge of fluids
from well sites is illegal [but could be collected for]
reuse, recycling, treatment, and disposal.” (p. 4962)

Methane from
oil and gas
supply chain

Good: capture
Bad: flaring
Ugly: venting/leaking

Agerton et al (2023): Capture can produce energy,
while “leaked volumes often are either not known or
not reported” (p.267).

Vehicle
emissions

Good: electric vehicle
Bad: tested emissions
Ugly: non-compliant

Bradt and Dorsey (2026): A new method to estimate
the fraction of cars being driven with fraudulent
emission test results.

Part of this problem was captured 70 years ago in a simple model with no externalities. In

Corlett and Hague (CH, 1953), uniform tax rates are optimal if applied to all goods in utility, but

leisure is untaxable. As an indirect tax on leisure, the SBO tax is lower on the better substitute

for leisure and higher on a lesser substitute or complement to leisure. Many later papers study

second-best tax policy with untaxed leisure, but not an untaxed choice other than leisure.?

2 Except Sallee (2025), discussed below. Google Scholar’s 951 citations to CH (1953) study second-best commodity
taxation when leisure is not taxable. Diamond (1973) and Green and Sheshinski (1976) include externalities and
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Here, we ignore leisure, assume fixed labor, and study an untaxable waste. The intuition
is similar: put a lower tax or subsidy on an option that substitutes most easily for ugly disposal
options. Optimal enforcement rules for audit and penalty rates are already well studied (see the
review by Slemrod, 2019). Instead, we study the case where a tax on ugly waste is simply not
feasible. The SBO tax on bad waste might then be positive or negative, depending not only on
the MED of each disposal method but also on the cross-price elasticities.

Also, early optimal tax literature obtains second-best results by interpreting the social
planner’s first-order conditions; they find closed-form solutions only in special cases (see e.g.,
Atkinson and Stiglitz, 1976). Here, our models are used not just to compare FOC’s but to find a
closed-form solution for each SBO tax rate. For tractability, we ignore uncertainty, dynamics,
market power, and distributional issues. We assume that many identical households rationally
maximize utility from two commodities, where only one creates waste with three disposal
options.> We differentiate all production functions and resource constraints to find 19 linear
equations that can be solved to find equilibrium effects of a small change in a tax or subsidy rate
on any of the 19 unknown outcomes (changes in goods prices, disposal prices, and all quantities).

Many papers use analytical GE models to find changes in outcomes from a change in tax,
but we use those outcome changes to find solutions for SBO tax rate levels. We differentiate the
utility function to show the change in consumer welfare, given initial tax rates and parameters,
and we insert our solutions for the GE change in each outcome. We can then solve for the levels
of initial tax rates from which a tax change does not raise welfare. In this way, we use GE
formulas for changes in outcomes to solve for optimal tax rate levels.

The model of Sallee (2025) also has untaxed pollution. He focusses on subsidies to clean
goods when politicians choose not to tax coal or gasoline, while we focus on illegal emissions
that cannot be taxed. Below, we reduce our GE model to his simpler model to show how our
results depend on key features not in Sallee’s model (e.g., economy-wide resource and revenue
constraints). Sallee’s model nicely demonstrates his point that clean subsidies require much more

information than pollution taxes, especially all cross-price effects, an issue relevant to our

heterogeneous demands, rather than pollution per se. Optimal tax literature is reviewed in Sandmo (1976) and
Auerbach and Hines (2002). Others discuss taxing a polluting good when leisure is untaxable (e.g., Bovenberg and
Goulder, 1996; West and Williams, 2007). No paper that cites CH (1953) replace leisure as the untaxed good.

3 We could have a vector of produced goods in utility, or a vector of more than three disposal options, but the basic
policy problem for production or disposal options of any one commodity is basically the same as for our one good
that has three options. Our three options require a 3x3 matrix of own-price and cross-price elasticities, but it has all
the same intuition as a more complicated model with four or more methods of disposal and a 4x4 or larger matrix.
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analysis. But his paper is not about the problem in prior second-best tax literature of designing
tax rates to collect a fixed revenue by use only of distorting taxes. Instead, in his model, costs of
subsidies can be covered using a lump sum tax. Our model has a fixed revenue requirement and
no lump sum tax, so we study the tax design tradeoffs in prior second-best tax literature.

To summarize our five contributions, we first apply Corlett-Hague logic to production or
disposal choices where ugly illegal emissions or disposal cannot be taxed. Second, we build a
new analytical GE model to find closed-form solutions for changes in prices and quantities from
a change in a tax rate. Third, we use those expressions in the welfare function to find closed-
form solutions for the level of each SBO tax rate. Fourth, we interpret results to show how each
outcome and each SBO tax rate depends on all three MED parameters, the substitution between
the two goods in utility, all cross-price elasticities across waste options, and all input shares.
Change in waste have ambiguous signs. Indeed, a change in tax on bad waste can lead to a rise or
fall in either good waste or ugly waste. But our solutions include terms we can interpret. Only
one of these terms is the “CH effect”, so we demonstrate other effects within our solutions.

Fifth, while our model lacks sufficient detail for specific policy analysis, we calibrate the
model to illustrate concepts. We explore numerically the parameter space that yields the outcome
where a tax on bad disposal is less than the tax on good disposal, and even where the tax on bad
disposal becomes a subsidy (to avoid high damages of ugly disposal). Garbage and recycling
collection often have a zero marginal price — specifically to avoid illegal dumping (NASEM,
2025). Thus, our model and derivations formalize what policymakers may already know.

For several reasons, our calibration is constructed to represent an approximation of any
pollution problem (in the air, land, or water). First, tractability limits us to only one polluting
sector with three disposal choices. Second, accounting data cannot show resources used in illegal
disposal. Third, many parameters have never been estimated (own-price or especially cross-price
elasticities). A specific calibration is not necessary to show that results are highly sensitive to
elasticities that can vary over a wide range from negative to large positive values. Fourth, some
marginal damages may be well measured (e.g., Rode et al. 2021), but SBO tax rates depend on
MEDs from all three alternatives, some of which may depend on population density and local
circumstances. The MED from water pollutants are not well measured and must depend on how
options are categorized. Measures of MED for recycling and for landfills are also not well
measured, and the MED from dumping is not available (e.g., Kinnaman 2016).

Moreover, any pollution problem can be represented by a particular choice of share and
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elasticity parameters. We calculate SBO rates across substantial variation in parameters, so many
different pollution problems can be represented by choosing a point on our sensitivity diagrams.

How do our results relate to prior results? We show how GE results differ significantly
from simpler models. We also show how a bad pollutant might optimally be taxed more or less
than a cleaner option. Importantly, however, we show the circumstances under which each such
result pertains. We show which parameters are most important to estimate.

In prior literature with untaxed leisure, Bovenberg and Goulder (1996) calculate that the
SBO tax on a polluting good can be higher or lower than its MED, depending on circumstances.
They assume leisure is separable in utility, so all goods are equally substitutable for leisure.
Using the logic of CH (1953), West and Williams (2007) estimate a cross-price elasticity
between gasoline and leisure and “find that gasoline is a leisure complement, and thus that the
optimal [SBO] gas tax exceeds the marginal external damage associated with gas use by roughly
35%” (p. 594). In our model where ugly waste is the untaxed choice, our calculations show how
the SBO tax on bad waste disposal can be twice as high as its MED, or less than zero.

In our primary calibration, three disposal methods have similar elasticities but different
damages. As expected, the SBO tax on bad disposal exceeds the SBO tax on good disposal. But
if the cross-price elasticity of ugly disposal with respect to the price of bad disposal is doubled
from 0.5 to 1.0 (or higher), and the MED from ugly disposal is three times the MED from bad
disposal (or higher), then the SBO tax on good disposal exceeds the tax on bad disposal. Thus,
optimal policy subsidizes bad behavior when worse ugly disposal (a) is highly damaging, (b)
cannot be reduced directly, and (¢) can be reduced by subsidizing an alternative.

The first section below describes our basic approach and welfare equations. Section 2
solves two special cases of our full GE model: Corlett-Hague with no externalities, and the
Sallee model with lump-sum taxes. Section 3 describes our full GE model, its basic equations,
and the linearization process. Section 4 finds effects of a small tax change on key outcomes,
including the change in each type of disposal. Section 5 provides GE welfare analysis and finds
closed-form solutions for the three FBO Pigovian tax rates and the two SBO tax or subsidy rates.

Section 6 explains our calibration, and section 7 provides numerical results. Section 8 concludes.
1. Model Basics, Caveats, and Welfare Analysis

First, dynamics are ignored, in order to solve analytical GE models with production and

disposal of multiple goods and disposal methods, each with its own cost, tax, price, and
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substitutability. We compare two long-run equilibria, with and without a particular tax change.
However, a dynamic model’s shift in the short run can be less than in the long run. A subsidy to
bad disposal may reduce ugly disposal but steer innovation towards bad technologies that persist.
Still, our model can be used to compare outcomes assuming high or low cross-price elasticities.

Second, we study tax changes and not other policies. Because of perfect certainty, our
intuition applies equally to a quantity regulation, where shadow prices on constraints match our
tax rates. But regulations can be more complicated, and other policies are possible. Innovation
policies matter, for example, such as a policy that can effectively increase the elasticities of
substitution out of ugly disposal.

Third, a GE model could consider costly monitoring, so that second-best optimal
enforcement is less than perfect. Policy tradeoffs might then impose a low tax rate on ugly
disposal, to encourage greater compliance. But that tradeoff would make the analytics more
difficult, and solutions more complex. It would not change the intuition behind the Corlett-
Hague terms in our closed-form solutions for SBO taxes on good or bad disposal.

Fourth, we include three externalities but ignore other market failures well studied
elsewhere (e.g., other externalities, asymmetric information, and imperfect competition). In
addition, international trade in waste can upend policy prescriptions in multiple ways.*

In our full GE model, firms produce X and Y in long-run equilibrium, where X creates
waste for disposal types good G, bad B, or ugly U. Fixed total factors are used to produce goods
and services (X, Y, G, B and U). In our closed economy with competition, n identical households,
and constant returns to scale, all quantities can be scaled to amounts per household.

First, we solve two special cases in existing papers, represented here by removing X and
Y, and assuming constant producer prices, no endogenous income, and no resource constraint.
Each price paid is the sum of a cost per unit ¢; and potential tax per unit t; (so p; = ¢; + t; for

i = G,B,U). In these models, households maximize utility ¥ subject to a budget:
L=Y¥[G,B,U; nG,nB,nU] + A[l —p;G —pgB — pyU] (1.1)

Income [ is the sum of exogenous income I and transfer of tax revenue back to households: I =
I + T. The number of households is assumed to be large enough that each household ignores its

own contribution to the total public externalities (nG, nB,nU). For all models, we use a hat to

4 For example, Levinson (2023) points out that “Subsidies raise no concerns about leakage, because companies have
no incentive to relocate overseas to avoid them.” (p.88).
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define each proportional change, and we show how a shock to any one tax rate (e.g., Tg =
dty/Tp) affects all market equilibrium quantities (e.g., G = dG/G).

Expressions for those equilibrium changes differ across models, as shown below, but the
social planner’s problem is the same for all models. Appendix A shows how the social planner
maximizes welfare — differentiating the utility function but accounting for each household’s
effect on each total externality.> The omniscient planner uses households’ first-order conditions
and their income constraint. Then divide by 4, the marginal utility of income, to get the dollar
value of the change in utility (d¥ /1), and divide again by income /, to express this change as a

fraction of income. The resulting change in welfare is:

dy G B . U _.
=6~ #e) TG+ (s —ug) 7B + (ty — ) 7 U (12)
h inal external d MED it is defined as: pg = — 2o, pp = -2
where marginal external damage ( ) per unit is defined as: p; = Aoney B = T 1onmy
and uy = — % afl—lg. The minus sign in front of each MED defines damage as positive.®
X

Each model below shows how a small tax change leads to small changes in outcomes (G,
B, and U). Equation (1.2) shows how those changes affect welfare. Each term has a net market
failure (e.g., Ty — Up) times a change in quantity (e.g., B). If that choice is “under-taxed” relative
to its externality (75 < ug), then any tax change that raises B will reduce welfare in that term. If
it is over-taxed, then any increase in quantity raises welfare in that term.

Assume second-order conditions hold, so welfare is at a maximum when d¥ = 0. Then
the first key result is clear. In any of our models with taxes possible on a// pollutants, then the
first-best optimal tax rates are t; = Ug, Tg = Up, and Ty = Yy (as expected from Pigou, 1920).
Substitution of those tax rates into (1.2) shows that welfare is maximized (d¥ = 0).

As soon as the tax on ugly disposal becomes unavailable (7;; = 0), then each model has
only two tax instruments to deal with three externalities. Then we solve for second-best optimal
tax rates in levels, not changes. That is, we solve equation (1.2) not for effects of a shock such as
Tg, but for the levels of pre-existing rates Tz and 7, — already in equation (1.2) — such that no
change in any tax rate can raise welfare. In each model below, we solve for equilibrium changes

(@ , B, and U), plug those changes into equation (1.2), set d¥ = 0, and solve for the levels of the

5 A later appendix shows that analogous derivations in the full GE model arrive at the same result as equation (1.2).

¢ This procedure does not assume marginal damages are constant. The MED from additional disposal of each type
might usually rise with the total amount of it.
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two tax rates, which are the SBO rates (z; and 753).
2. Two Special Cases

In this section, we first show how the apparatus above can be used to demonstrate the
original Corlett and Hague (1953) result, as presented in Auerbach and Hines (2002). Second,
we replicate the result of the Sallee (2025).

For both models, we use equation (1.1) above, where the household’s income-constrained
maximization of utility results in three demands that can be written as functions of prices and

incomes as on the left-hand sides of the following equations:

G =G(pg, P, Pu, 1) = G = agePc + agpPp + aguby + I 2.1
B = B(pg,pe, 00 1) = B = apepg + appbp + apyby + 1 (2.2)
U=U(pgspspryl) = U = ayePe + aypPs + ayyby + I (2.3)

Appendix A also differentiates each demand on the left and re-arrange (e.g. divide both sides by

quantity demanded). This procedure yields (=) a linear equation in small changes on each right-

hand side of (2.3), where a;; = aa—;% is the elasticity of demand for disposal method i with
J

respect to a change in price of j (for i = G, B, U, and holding all else constant). Then:

Pe =Cc + Tg = Dc = tcTa (2.4)
pgp=cCpt1p = D = tpTp (2.5)
pu=cy+1y = Py = tyTy (2.6a)
Pu = Cy = py=0 (ifty = 0) (2.6b)

where t; = 1;/p; 1s the ad valorem tax rate for disposal method i (for i = G, B, U).
2.1 First Special Case

Corlett and Hague (1953) consider the case with a revenue requirement but no lump-sum
tax (or equivalently, no tax on leisure in utility). We therefore include a revenue requirement,

which we differentiate and re-arrange to get the linearized version on the right:
T = 145G +15B = T=0r(t5+ G)+0r5(55 + B) (2.7)

G B " .
where revenue shares are 075 = T% and 5 = TBT. We set T = 0, so the total budget is fixed, as

if a state or local waste disposal agency must pay for all disposal services using only disposal tax
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revenue. We always assume each tax rate is on the normal side of its Laffer curve, so an increase
in T raises revenue that is used to reduce the other tax rate, 7.

Our models have no untaxed leisure, which is critical to virtually all of the second-best
optimal tax literature mentioned in our footnote 2 above. Instead, we have untaxed ugly disposal
and no lump-sum tax, which together generate an SBO tax problem with the same intuition.
Nontaxation of U is a stand-in for nontaxation of leisure. If a more general model were also to
include untaxed leisure, all results would be more complicated but would show the same cross-
price effects within SBO taxes on good and bad disposal when positive revenue is required.

When one tax changes exogenously (e.g. Tz > 0), we have seven linear equations (2.1) to
(2.7) to solve for seven unknowns: the 7 that will balance the budget, three price changes (pg,
Py, and py), and three quantity changes (G, B, and U). Appendix B inserts these quantity

solutions into the welfare equation (1.2) with no externalities (4; = ug = yy = 0) to find:

tg _ gy + agp + apg

— (2.8)
tc apy t agp t apg

using ad valorem tax rates t; = 14 /p; and ty = t5/pp. This result matches the Corlett-Hague
result in equation (3.21) of Auerbach and Hines (2002), if indices G and B are employed for their
two taxable goods 1 and 2, and U replaces the index 0 for untaxed leisure. With a higher absolute
size of the revenue requirement, both tax rates are higher, but in the same ratio.

This replication is useful not only to confirm that our more general model is built on the
same foundation as the original SBO tax literature, but also to emphasize an interesting result:
even with no externalities, the SBO tax is lower on whichever form of disposal is a better
substitute for untaxed dumping. If the better substitute is bad disposal (agy > agy), then tp < t;.

If so, then a low revenue requirement T can yield a positive 7 and negative Tp.
2.2 Second Special Case

The model in Sallee (2025) has two green goods and two untaxed-but-legal dirty goods
(such as coal or gasoline). He studies effects of a “subsidy first” approach, such as in the climate
provisions of the U.S. tax law of 2022. He finds a SBO rate for each taxable good that includes
the MED of that good plus two more terms to correct for nontaxation of two dirty goods. Our
model has only one untaxed good, so our replication finds a SBO rate for each taxable good that
includes the MED of that good plus one more term to correct for nontaxation of one ugly good.

Our household problem in equation (1.1) can also represent Sallee’s problem with
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externalities but no distorting revenue constraint. Any revenue loss is covered not by equation
(2.7) but by an increase in lump-sum tax. Appendix C sets one exogenous tax change (g > 0)
with no change in the other tax rate (7; = 0). It then uses six equations in (2.1) to (2.6) to find
six unknown changes in three prices (Pg, Py, and py) and three quantities (G, B, and U). These
quantity changes are inserted into the welfare equation (1.2) with the externalities that define our

disposal problem (0 < u; < ug < uy)- The appendix derives the SBO rates:

U(aypage — aycagg)
=+ (2.9a)
fo = He T Hy G(agpap — Agcapg)
U(aypage — aycagp)
- +
5 = He T Hy B(agpage — apgagp) (2.9)

Both Sallee’s paper and ours express SBO rates in terms of MED values and cross-price
effects, but he uses partial derivatives and we use elasticities. Appendix C shows that our
equations (2.9) are equivalent to his equations (3) and (4) but without his extra term for the
second untaxed dirty good. In our model with only one untaxed good, however, his assumptions
lead to an interesting result. Appendix C shows that his rates for the two taxable goods (here
labeled as G and B), reduce from equations (2.9) to the following:

Tg =He — My and Tp =g — fiy (2.10)

Perhaps surprisingly, cross-price effects are now irrelevant. To explain, these tax rates are
not second best. They are a first-best deposit-refund system, as demonstrated in Fullerton and
Kinnaman (1995). A lump-sum tax is equivalent to a uniform tax on all goods in utility (all good,
bad, and ugly). The lump-sum tax implicitly collects tax (deposit) at rate y;; on all three goods;
then each rate in (2.10) simply taxes each good at its own MED and returns the deposit (uy).

This analysis may help clarify matters, but his solution is still valid. It is not second best
because of an untaxed good, but because of two untaxed goods. The lump-sum tax must apply to
both at the same rate. If the two dirty goods in his model have the same MED (or nearly same
MED), then his solution with two untaxed dirty goods is first best (or nearly first best).

Lump-sum taxes are not actual policy options, and they can lead to these simple first-best
policies. Therefore, we limit the rest of our analysis to study of SBO policies with no tax on ugly
waste and no lump-sum tax. Next, we present our full GE model, derive closed-form solutions,
interpret them, calibrate the model, show sensitivity to parameters, and compare SBO tax rates

from our GE results to the simpler results in the special cases above.
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3. Our Analytical General Equilibrium Model

The only choices in the special cases above are good, bad, and ugly waste. Our GE model
embeds these choices into a more general model that includes externalities, a revenue constraint,
an economy-wide resource constraint, and two outputs: X includes goods that pollute or need
disposal, and Y represents clean goods. Adding this choice allows another form of pollution
abatement — not just substituting into a cleaner pollution or disposal method but also switching

away from the polluting output altogether. Thus, n identical households maximize:

L =WY[X,Y; nG,nB,nU] + A[l — pkX — pyY], (1.1

where X = W(G,B,U) ; pkX = pyX + pwX ; and py X = psG + pgB + pyU

The waste function X = W (G, B, U) has two interpretations. In the first, households buy X at
price py, knowing that each unit of X will also create a unit of waste W requiring additional
disposal costs. Feasible combinations of the three disposal methods are represented by a three-
dimensional iso-quant, with marginal rates of technical substitution between methods (e.g.,
recycling, garbage, or dumping). Each method i costs p; (for i = G, B, U) in equations (2.4-2.6),
so the weighted average cost per unit of waste is py,. The full unit price of X is p%¥ = py + Py

In the second interpretation, the same equations represent a nested Leontief function
where production of each unit of X creates one unit of waste by-product, W, which is a flexible
function of three polluting methods. Feasible combinations are represented by the same three-
dimensional iso-quants (e.g., methane capture, flaring, or venting/leaking). In this interpretation,
the household pays p¥ at the time of purchase, while the firm’s cost is py + pyy . Either way, the
firm or household chooses the amount of each kind of disposal to minimize total costs.

Firms produce output using a single primary input K, a composite of capital, labor, and
other primary inputs. It is perfectly mobile, has a single price py, and is in fixed total supply K.
Production is given by X = X(Ky) and Y = Y (Ky). Competition and constant returns to scale
(CRTS) allow units defined per household and imply that production can be X = Ky /cy and
Y = Ky /cy, where ¢y and cy are each a fixed use of primary factor per unit of output.

Each basic equation is differentiated and re-arranged to yield (=) a linear equation in hats
(e.g., X = dX/X). Derivations are in Appendix D. The key equations are numbered, for the later

use of N independent linear equations to solve for N unknown changes in prices and quantities:

—

X:KX/CX = X:KX (3.1)
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pxX = pxKx = Px + X = pg + Ky (3.2)
Y =Ky/cy = Y =K, (3.3)
pyY = pkKy = py+Y =pg +Ky (3.4)

Insert equation (3.1) into equation (3.2) to get py = pkCyx, since only K is used to produce X.
The implied linear equation is py = px (Which is not a numbered independent linear equation
because it is derived from the first two). Analogously, these equations imply py = Ppg.

Each kind of waste has its own MED defined as y; (i = G, B, U). We assume 0 < y; <
Ug < My, to fit our definitions.” Households face private costs of disposal, including the cost of
their own garbage and recycling bins, space in their garage to store them, and the time they take
for daily disposal and weekly transport to the curb. We define private costs by fixed parameters

c; per unit of good disposal, cg per unit of bad disposal, and c;; per unit of ugly disposal. Then:

K;.=c;,G = K, =G (3.5)
Kg=cgB = Kz =B (3.6)
Ky=cyU = Ky, =0 (3.7)
K=Ky+Ky+K; +Kzg+K; = (3.8)

0 = KxOxx + KyOky + K;0x¢ + KgOkp + Kybgy

Equation (3.5) implies that the per-unit cost of producing G is pxc;. Also, equations (3.6) and
(3.7) imply that pxcg (and pxcy) is the unit cost of B (and U).® Equation (3.8) is the economy’s
resource constraint (per household). Other equations below require similar ratio or share
parameters, so linearization uses 8;; to represent the fraction of the first subscript (j) attributable
to the second subscript (i). Here, for example, 8y; = K;/K is the fraction of K attributable to K;
(fori =X,Y,G,B,U), and Okx + Ogy + Ogc + Oxp+ Oxy = 1.

The relevant policy variables are positive or negative tax rates: 7, per unit of good waste,
T per unit of bad, and 7, per unit of ugly (for the simple case used to show our model matches

Pigou’s FBO solution). The household’s full cost of good disposal (p;G) equals the sum of

7 Even good disposal such as recycling is not harmless and has associated environmental damages from collection,
transportation, and processing. Analogously, even the “Good” portrayed by Clint Eastwood in the 1966 film causes
damage despite his name.

8 An alternative interpretation of the same equations is that the household pays haulers to collect G and B, firms with
CRTS production functions G = K /c; and B = Ky /cp. Competitive prices would match their per-unit costs of
production, pxc; and picg. Thus, in this interpretation, consumer costs are the same as in the text.
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private cost (pxcsG) and tax cost (t5G). We then define 0, = prcs/(prcs + 1) for the
private share of the cost and 85, = 75/(pxcs + T¢) for the tax share (where 6, + 65, = 1).

With similar definitions for the other inputs, we have:

PG =prcG+1,6 = Ps+G :gcp(ﬁl\{+@)+gcr(f5+é) (3.9)

pgB =pgcgB + 1B =  Pp+ B =0p,(Pg + B) + 05.(T5 + B) (3.10)

poU =pgcyU+t,U = By +U=0y,0x +0)+0y.(75 + 0) (3.11a)

or pyU=pgcyU = pyp+U=pg+U withfixedty =0 (3.11b)

pwX =psG +pgB+pyU = X+py= (3.12)
O0xs(Pg + G) + 0x5(P5 + B) + 05y (Py + 0)

PEX = pyX + pyX = ph+ R =0,x@x+ X) + O @By + X (3.13)

Bad disposal in equation (3.10) is analogous to (3.9). For ugly disposal, (3.11a) assumes t; # 0,
so it is similar to (3.9) and (3.10). Then (3.11b) fixes t; = 0 (for SBO solutions).’ In this case,

Py = Dk. The quantity of X matches the quantity of waste, so equation (3.12) defines the overall
cost of waste disposal py, per unit of X. To arrive at (3.12), add the cost of good, p;G, bad, pgB,

and ugly, py U (e.g., transporting waste to the woods for dumping). In the linearized equation

(3.12), we define Oy, = ;’G—i, Oxp = :;BX and Oy, = ZU (where the three sum to one). Then
w w wX

equation (3.13) defines a household’s full spending on X as pfX = pyX + py X. Divide both
sides by X to get the basic equation for the full price p% on the left side of (3.13). The linearized

equation (3.13) defines 8,y = F £ and Opw = pF , where 0,y + 0, = 1.
X

Given how this full price p¥ varies with disposal costs, the consumer can substitute from
X into Y if an increase in tax 7 raises pg (which raises p¥ by an amount that depends on the
good disposal share Oy ). Similarly, the household can consume more of good X and less of Y in
response to a larger subsidy 7 (depending on the bad disposal share Oy5).

Differentiation of the waste equation yields the next linear equation, where expenditure

shares are Oy, = 29— = be8

P’ and Oxy = (w1th Oxc + Oxp + Oxy = 1):

HXB

°® We could weaken the policy constraint to say that 7, is not fixed at zero but at a sub-optimally positive level. That
generalization would have little effect on our results below about how SBO tax rates are determined by elasticities,
MED parameters, and share parameters. The main effect would be to complicate aesthetics of solutions by adding
more terms, because total revenue T = 74;G + T5B + 7,U would be affected by changes in U. Below, we assume
total tax revenue is fixed, so a small change in 75 is offset by an opposite change in 7.
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X =W(G,B,U) = X = 0y5G + 0ygB + 05,0 (3.14)
G — U = 0xg(ece — ey)Pe + Oxs(ecs — eus)Ps + Oxu(ecy — eyu)by (3.15)
B — U = 0 (epc — eus)Pe + Oxp(epp — eyp)Pp + Oxu(esy — eyy)Py - (3.16)

For choices among inputs, Appendix D derives equations (3.15) and (3.16) following Allen
(1938), Mieszkowski (1972), and Fullerton and Heutel (2007). Equations (2.1) to (2.3) define

a;j = %% as the elasticity of demand for input i with respect to the price of j (holding all else
J

constant). Allen (1938) shows that a;; = e;;0x;, where e;; is the Allen partial elasticity of
substitution, and 8y is the share for input j. Allen also shows that a;; + a;5 + a;; = 0 and that
e;; < 0. Uzawa (1962) shows symmetry (e;; = e;;). The elasticity e;; is positive for substitutes
and negative for complements. At most one of three cross-price e;; can be negative.

Pre-existing disposal tax rates yield tax revenue T per household in equation (3.17),
where differentiation uses shares 61 = ;G /T and 8,5 = T5B/T (which sum to one). In the

case where ugly disposal cannot be taxed, we have:
T:TGG+TBB = TZGTG(‘T:E-}_ G)"‘ HTB(fE'i‘ E) (317)

I=pgK+T > f=reKae §T (3.18)

We set T = 0, so (3.17) implies a fixed revenue that is added to household budgets. Thus we can
address our key question about the two SBO tax rates relative to each other and avoid
conflating economic effects of a tax revenue increase with other economic effects from use
of extra revenue. We avoid a change in public spending that would have its own economic
effects; we avoid a change in another distorting tax that would greatly complicate our second-
best analysis; and we avoid a change in any pre-existing lump-sum tax or transfer.

Finally, household utility is continuous, quasi-concave, and twice differentiable. It is
increasing in consumption goods X and Y, and decreasing in each of the three total disposal
amounts, i.e., public bads that are separable in utility. Then the linear equation in (3.19) defines

oy as the elasticity of substitution between X and Y in utility.

A~ ~

¥ = Y(X,Y; nG,nB,nU) =  X-Y=0,(py —1}) (3.19)

The household maximizes utility subject to its budget. If the household chooses disposal

methods, then the disposal function X = W (G, B, U) can be substituted into the utility function.
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Then each household effectively chooses only G, B, U, and Y.

4. General Equilibrium Outcomes with Three Polluting Inputs

A m— A — A m— oA ——

(g, Py, Px»> P> Pg> Py»> Pw» and };)F(), two tax rates (75 and 7;), and two other values (T and ).
Of those 22 variables, we set one numeraire (px = 0), and one exogenous policy shock (e.g.,

7z > 0 or Tz > 0). We assume revenue is fixed (T = 0), so a policy shock 75 > 0 raises
revenue to reduce the other tax rate (7; < 0). Thus, the number of unknowns falls from 22 to 19,

and we can solve for all outcomes using the 19 numbered equations (3.1) to (3.19).
4.1 Solutions for Changes in the Good, the Bad and the Ugly

To solve for SBO tax rates in a later section below, we first start from any (non-optimal)
initial set of tax rates (7; and 75), assume an exogenous increase in tax on bad disposal (7g), and
solve for changes in disposal (G, B, U). Appendix E starts these derivations with an intermediate

equation (not yet closed-form solution, because it includes an endogenous change 7;):
U = eypTp + €yTs 4.1)

where &yp = [eUB(l — Oxy) — epp(Okp) — eqp(Oks) — UlpepWQKY]QXBQBr and gy =
[eUG(l — Oxu) — e (Oke) — epc(Okp) — G‘PepWGKY]eXG 6.

The Allen elasticity e;; is the PE effect on i for a change in price j. Our results below use
E;; to denote the full GE effect on i for a change in price j, but the &;; are neither PE nor GE.
The first term of (4.1) uses g5 for the change in U from an exogenous change in 7z without
accounting for the endogenous 7;. Analogously, the second term uses &y as the change in U
from a change only in t; without accounting for any change in tz. Both are composites that
depend upon the e;; and cost shares (the 6°s).

The logic of Corlett and Hague (CH, 1953) would compare ey and ey to see whether
ugly disposal responds more to the tax on bad disposal or on good disposal. As equation (4.1)
makes clear, the effect on ugly waste does not just compare ez vs. ey. It also depends on
expenditure shares, the revenue constraint, and the size of each tax rate change. In each of the
first three terms of €5 and gy, the change in each tax also has indirect effects on the other
taxable disposal. The fourth term in both &5 and &y is —0y 0, Oky, because an increase in

either tax rate raises overall costs of disposal, py,, and thus raises the full price to buy more X.
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The elasticity oy indicates how households substitute out of X into Y. That substitution reduces
X, so it reduces all forms of disposal (including ugly, via this fourth term).

We expect effects in the first terms containing e, and ey to outweigh other indirect
effects, but perverse outcomes are possible. Later, our calibration indicates the relative size of

each effect. For now, solutions for the other changes in disposal are:
B = eppTh + epsTq (4.2)
where epp = [eUB(_QKU) + egp(1 — Okp) — egp(Oke) — GWHpWBKY]HXBHBT and

&g = [eUG(_HKU) —ege(Okc) +epe(1 — Okp) — O'qJHpWQKY]HXG@Gr-

G = epTp + EgeTe (4.3)

where egp = [eUB(_HKU) — egp(Okp) + egp(1l — Okg) — UwngQKY]HXBHBr and

&g = [eua (—Oku) + e (1 — Okg) — epc(Okp) — UIPHpWGKY]HXGGGr-

In Equation (4.2), €gp is the intermediate elasticity for the percent change in B from a
one percent change only in 7, and &g is the percent change in B from a one percent change
only in 7. In equation (4.3), ;5 and &, are analogous elasticities for the changes in good
disposal. All intermediate elasticities contain direct and indirect PE elasticities and expenditure

shares analogous to those described earlier for how tax rates affect U.
4.2 Solving for 7; in Terms of Parameters and Exogenous 7Tg

With a shock Tz > 0 and the government revenue constraint in equation (3.17) as well as

the changes to each tax base in (4.2) and (4.3), Appendix F shows how we obtain:
Er¢Te = —ErpTp (4.4)
Where ETG = QTG + HTGSGG + HTBEBG and ETB = HTB + QTBSBB + HTGSGB'

That Appendix then uses (4.4) to solve for 7, and it shows that E;; is the GE elasticity
of total tax revenue T for a change in the tax rate on good disposal 7. Analogously, E5 is the
GE elasticity for the change in T from a change in tg. Equation (4.4) requires that the revenue
loss from the tax cut (E;;T;) matches the revenue increase (E757g).

The first term of Erp is O7p, the initial share of tax revenue from 5. When multiplied by
Tg > 0, it is the revenue from raising the tax rate on the existing tax base (B). The second term
within Erg is Org€gg, Which captures the fact that Tz > 0 reduces the tax base B (reducing

revenue). Finally, the third term includes &5, the percent change in G from a one percent change
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in 75.'° It is positive when ;5 positive, because it is multiplied by 73 > 0 and by the share of
revenue from the other tax base (61 > 0). This third term is the indirect increase in total
revenue from substitution to more good disposal (which is also taxed).

Parameters within E7; are analogous. On the normal sides of both Laffer curves, both GE
revenue elasticities Er; and Erp are positive. If E;p > Erg, then total tax revenue increases more

in response to a one percent change in 7z than to a one percent change in 7.
4.3 Closed-form Solutions for Changes in Disposal Amounts

Equations (4.1)—(4.3) show changes in the three kinds of disposal, but each depends on
the endogenous change in the other tax rate. Here, we solve for these outcomes in terms only of
exogenous parameters and the exogenous shock 7. Full derivations are in Appendix G.

For closed-form solutions, we substitute (4.4) into equations (4.1), (4.2), and (4.3) to get:

G = EgpTp where Egp = &65 — &6 Fre 4.5)
~ . _ E
B = EppTp where Epp = €pp — €p¢ ﬁ (4.6)
~ - _ E
U = EypTp where Eyp = éeyp — €yg ELT(B; 4.7)

Here, we define E;p as the full GE elasticity for the percentage change in disposal i from a one
percent change in the tax on the bad disposal 75.

In our discussion above, the logic of CH compares the two key PE cross-price elasticities
eyp and ey. In the closed-form solution of equation (4.7), the single coefficient (Ey ) on the
exogenous shock (7z) makes exactly that comparison of elasticities. The definition of Ey 5 starts
with g5, defined to include ey 5, and it subtracts g, defined to include ey;. Next, we use the

three disposal changes in (4.5)-(4.7) to solve for the level of each FBO and SBO tax rate.

5. Welfare Analysis in Our GE Model

This section follows the same logic as in the welfare derivations in Section 1 above, but
for our GE model. We then solve for second-best optimal tax rates
First, substitute the waste function X = W (G, B, U) into the utility function, so that the

household can maximize a Lagrangean by choice of Y and disposal methods G, B, U:

10 Within ;5 of equation (4.3), an exogenous T3 > 0 affects G most directly through a positive term egg (1 — Ox¢),
thereby expanding tax revenue collected from G. Two other terms within 55 are ey (—6y) and — 0y O,y Oy
These terms are negative, so the effect on G is not unambiguously positive.
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L =%[W(G,B,U),Y; nG,nB,nU] + A[I — pEX — pyY]

As shown in Appendix H, the first order conditions from this household maximization
are used by the social planner along with the economy-wide resource constraint in equation (3.8),
all inserted into the differentiated utility function. Then divide by the marginal utility of income
to arrive at the dollar value of the change in utility (d¥ /A1) and divide both sides by income 1.
The Appendix shows that the resulting change in welfare is exactly the same as in equation (1.2)
for simpler models. As before, the FBO rates are t; = pg, T = Up, and Ty = py. Substitution

of those tax rates into (1.2) shows that welfare is maximized (d¥ = 0).
5.1 SBO Solutions with No Tax on Ugly Disposal

Steps are listed here to find SBO tax rates when 7;; = 0, but Appendices I and J provide
full derivations. First, for tax shock 7z, insert equations (4.5)-(4.7) into (1.2) and set d¥ = 0 to
get one equation in two initial tax rates (t; and 7). Replace the t; with (T — tzB)/G from
equation (3.17). Solve the resulting equation for 7z to show what must be the initial 75 in
equation (1.2) such that any change in disposal (G, B, or U) does not change welfare (d¥ = 0).

Second, for tax shock is 7, we repeat all steps described above to solve all equations
(3.1)-(3.19), to get new versions of (4.5)-(4.7) to insert into (1.2) to get a new equation in both
initial tax rates 7; and . Solve (3.17) for 75, and use it to get a new equation for the initial 7,

where d¥ = 0. The two resulting SBO tax rates are:

Q EUB T.G EGB
pup +t MUB(EBB) + (Mg — G) (EBB)
N————
* Corlett—Hague Term Revenue Term

1- EGB/EBB

(5.1)

e + g (E_GG) + Wws—pg ( Eaa)
Corlett—Hague Term Revenue Term

1—Epg/Egq

(5.2)

ET E
Where EGG = E¢6 — 6B T Ere TG EBG = &g — €pp T Erp and EUG = &yg — SUB EaCh E lS a GE
TB TB

change in i from a one percent change in 7;. Overall, SBO tax rates depend on MED parameters
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(g, g, and py), initial polluting input levels (e.g., G/B), and all GE elasticities. '

5.2 Detailed Discussion of SBO Tax Rates

Both equations have a numerator with three key terms, and a denominator equal to one
minus a ratio with a GE cross-price elasticity E;; that could have either sign. Again, we limit
discussion to the case where all types of disposal are substitutes (E;; > 0). This E;; is divided by
an own-price elasticity that must be negative, so each denominator is positive and larger than
one. Thus, it scales down every term in the numerator but does not change any sign.

In the numerator of equation (5.1) for 7z, the first term is the “own damage” term (up
reduced by a denominator larger than one). The other terms tell the social planner more about
how to deviate from the FBO tax rate (up).

The second term in (5.1) is the “Corlett-Hague term”, adjusting 75 to account for damage
from its effect on ugly disposal. It depends on the ugly MED (), the initial relative amounts of
disposal (U/B), and GE effect of Tz on U (Eyg, presumed positive). This GE effect is divided by
Epp < 0, which means that the whole term is negative. Thus, this second term is a reduction in
the planner’s 7z, intended to encourage switching toward pollution that is merely bad rather than
ugly. Similarly, the second term in (5.2) says 7 is reduced to account for damage from its effect
on U, which depends on Ey;;. However, the revenue constraint means that these CH terms are
determined relative to each other. In other words, the CH term only subtracts more from 75 than
from 7 if the impact of t5 on U is bigger than the impact of t; on U.

The third term in (5.1) is a “revenue term” that accounts for the GE effect of 75 on good
disposal (via E;p), which affects revenue because good disposal is taxed.'? This term derives
from the (75 — 1) % G that appears in the welfare change equation (1.2), where G is multiplied
not by full damages p;, but only by uncorrected damages (g — 7). In that term, if 74 happens
to equal pg, then any effect of Tz on good disposal would have no impact on social welfare (so
this term does not modify 7). If t; > pg, then the externality is overcorrected, and the planner

adjusts T upward to encourage substitution into the over-taxed good disposal.

' Each GE elasticity is a calculated combination of other intermediate elasticities (;;), each of which is a calculated
combination of fixed PE elasticity parameters (all of the e;;).

12 Equations (4.1)—(4.3) show how each GE elasticity depends on Allen elasticities e;; and share parameters 6. For
example, the GE elasticity of good disposal with respect to the price of bad disposal depends on all e;;, because any
one tax also leads to GE feedback effects on the other two methods of disposal.
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In the revenue term of 75 in equation (5.1), however, the revenue constraint (3.17) means
that (ug; — 7) is replaced by (ug — g). This change replaces the tax per unit 7, with a calculated

tax per unit that could collect a/l needed revenue T (as if 75 were zero). Similarly, 7 in (5.2)
includes the analogous revenue term, so the two revenue terms together tell the planner how to
set both 75 and 7 simultaneously to achieve the best tradeoff between good and bad disposal.
Also, the revenue requirement T is arbitrary. Together, (5.1) and (5.2) make clear that a larger T

would require higher values of both SBO tax rates.
5.3 Broad Discussion

These SBO tax rate equations use intuition from Corlett and Hague (1953), but not their
simpler model. In our GE model, the CH logic is seen by comparing the CH-term of 75 in (5.1)
to the CH-term of 7 in (5.2), but this comparison is complicated by five factors.

First, cross-price effects in our model are not based directly on PE cross-price elasticities

eyp and ey but on all GE elasticities E;;, each of which depends on all own- and cross-price e;;

js
and share parameters 6;;. In other words, SBO tax rates depend on GE effects of a disposal tax
that account for all changes in allocations (not holding all else constant).

Second, relative to CH, we add external damages. SBO tax rates 5 and 7 depend
importantly on the MED from ugly disposal, u;; (especially as compared to the other MED).

Third, each SBO tax rate also depends on the MED of the other taxable method of
disposal, and on the GE cross-price elasticity between the two taxable methods of disposal
(comparing the two “revenue terms” in our SBO solutions).

Fourth, those factors just listed do not determine the absolute size of the two tax rates.
We find the extent to which each tax rate is adjusted away from the MED of the disposal method
being taxed, but the overall size of both tax rates depend on the revenue requirement.

Fifth, further analytical work could take the derivative of each SBO tax rate with respect
to any key parameter (e.g., ). That procedure might appear to show that 7z and 7 fall with a
higher MED of ugly, since p; enters each tax rate negatively and only once in the numerator.
But our revenue constraint means that a higher y;; cannot reduce both tax rates. This constraint is
built into GE elasticities, so the effect of y;; on a tax rate is not obvious. All parameters matter
for GE outcomes. We cannot take a derivative of (5.1) or (5.2) with respect to a parameter such

as Uy, because it appears many times in the numerator and denominator of each SBO tax. Thus,
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we turn to calibration and sensitivity analysis for the effect of each parameter on each tax rate.
6. Calibration

Our choices for “primary” parameter values are shown in Table 2. For this hypothetical
closed economy, total income is 1.0. For example, if this income refers to 1.0 trillion dollars,
then the first column says that $350 billion of primary factors are used to produce X, and $350
billion are used to produce Y (before any tax shock). Also, $100 billion is used to undertake each
kind of disposal (where each is one-third of total waste costs in the second column). The initial
tax share is assumed to be 10% of disposal cost for each taxable disposal method (so the private

cost is the other 90%). The elasticity of substitution between X and Y is assumed to be one.

Table 2: Initial Equilibrium Parameter Values

Assumed Calculated in Appendix K Assumed
Parameter Values Parameter Values Parameter Values
Oxx » Oy 0.35 Oxc, Oxg, Oxu 0.333 L 0.05

e, Oxp, Oxy 0.1 Opx 0.538 g 0.15
Ocr , 05y 0.1 O 0.462 iy 0.5
O6p> Onp 0.9 T, Tg 0.111 eue, eus 0.5

Oy 1 Or¢, Orp 0.5 €cp €sc 0.5
T 0.0222 €cG»> €BR> €YU -1

As shown in Appendix K, the assumptions in the first column imply parameter values in
the second column. The two initial tax shares are 0.1 and quantities match, so the calculated tax
rates are T; = Tg = 0.111. Each raises half of total tax revenue, T = 0.0222.

In the third column, values for the MED are chosen such that u; < up < py. Finally, all
assumed Allen cross-price elasticities are 0.5, and each own-price elasticity is —1.

In sensitivity analysis, each MED can be varied independently. That is, we can alter the
external cost of ugly disposal py; without a change in any other parameter value. In addition, we
want to vary the key cross-price elasticity ey, but some other parameter must change for the
symmetrical Allen elasticity matrix to satisfy the adding up constraint for each row of the matrix,
€ic0xc + eipOxp + ejybxy = 0 (for i = G, B, U). We want to show results for different values
of eyp, but without changes in other cross-price elasticities. Therefore, as our program varies
eyg, it calculates the change in own-price elasticities necessary to satisfy that constraint.

Next, Table 3 maps the Allen elasticities e;; into the a;; elasticities used in the second
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special case, and then into the intermediate and full GE elasticities E;;, using definitions in
equations (4.1)-(4.7) and the parameter values in Table 2. It shows that the GE elasticities can be
quite different from the PE Allen elasticities, which points toward the importance of using a GE
model. Our GE elasticities E;; differ from PE elasticities e;; because they incorporate all
assumptions of the model, including: the fixed revenue requirement, the fixed economy-wide
resource constraint, the many relative-size parameters 6;;, and simultaneous changes to other

prices (and in other models, endogenous changes to producer prices, incomes, and profits).

Table 3: Mapping Primary Allen PE Elasticities to Full GE Elasticities

Allen PE  Assumed a;; = Intermediate  Calculated Full GE  Calculated
Elasticity ~ Value e Oy ; Elasticity Value Elasticity Value
eve 0.5 0.167 Eue 0.011 Eyc 0
eus 0.5 0.167 Eup 0.011 Eyg 0
ecs 0.5 0.167 EcR 0.011 E;p 0.050
€ge 0.5 0.167 €5c 0.011 Egg 0.050
€ce -1 —0.333 &ce —0.039 Eqc —0.050
€gB -1 —0.333 Egp —0.039 Egp —0.050
eyu -1 —0.333 Eyu —0.039 Erc 0.486
Erg 0.486

We assume values for the e;; and then calculate the corresponding a;; for the second special case below.

Most important here is the revenue constraint, which means that an increase in one tax
requires a cut in the other tax. The first rows of Table 3 show that all e;; are 0.5 (when i # j), but
GE elasticities Ey; and Eyp are zero (and other GE elasticities are near zero). In fact, ugly
disposal can only be affected indirectly, through taxes on good and bad disposal, so the GE
outcomes for ugly disposal are determined entirely by these indirect price effects. Specifically, in
definitions of equations (4.1)-(4.7), each Ej; is a weighted average of all PE elasticities (e;; =
0.5, e;; = —1). The E;; capture all the ways the PE responses are restricted in the GE model.

To see the analogous mapping for a different case in our sensitivity analysis, Table 4
increases ey from 0.5 to 0.6 (and adjusts egp and ey, to satisfy the adding-up constraint). The
table shows that this change in eyp from 0.5 to 0.6 makes the GE elasticity Eyy; slightly negative.
This result may seem odd, but again the logic is that this GE elasticity is a weighted average of
positive and negative PE elasticities. Given the assumed symmetry in our initial assumptions, the
disposal method that is changed to a stronger PE substitute for ugly disposal becomes a GE

substitute, and the weaker PE substitute becomes a GE complement.



-23-

Table 4: PE Substitutes to GE Complements

Allen PE  Assumed Intermediate Calculated Full GE Calculated
Elasticity Value Elasticity Value Elasticity Value
eve 0.5 cue 0.011 Eyc —-0.053
eus 2.0 EuB 0.061 Eyg 0.051
ecn 0.5 £cB 0.011 Eqp 0.048
€gc 0.5 €ge 0.011 Egc 0.105
ecc —1 &ce —0.039 Egc —0.051
€gB -2.5 €gB —0.089 Egp —-0.099
eyu -2.5 Eyu —-0.089 Erc 0.486
Erp 0.461

7. Numerical Results

Using primary parameters where all cross-price elasticities are 0.5, Panel A of Table 5
shows that the calculated value of 7 is 0.061, and 75 is 0.161. Both rates are higher than MED,
because of revenue needs. The Corlett-Hague terms are both zero, because good waste and bad
waste are equal substitutes for ugly waste — so neither can be used to reduce ugly damages. The
denominators in the SBO tax formulas (5.1) and (5.2) are both 2.0, so the “own damage” term is

half the MED of each waste activity. Then the revenue terms ensure budget balance.

Table 5: Tax Rate Calculations

Components of SBO (with Denominator)

Unit
Tax FBO SBO Own Corlett- Revenue
Rate (MED) Tax Damage Hague Term Term
Panel A: Using Primary Parameter Values (¢;5z = 0.5)
T 0.05 0.061 0.025 0.0 0.036
Tg 0.15 0.161 0.075 0.0 0.086
Panel B: Using Alternative Parameter Values (e = 2.0)
T 0.05 0.237 0.016 0.172 0.049
Tg 0.15 —0.014 0.101 —0.172 0.056

The FBO rates in the second column include 7;; = py = 0.50. The SBO rates in the next column
apply when t; = 0. Components of SBO rates are three terms in numerators of equations (5.1)
and (5.2), each divided by the denominator (so the three components add to the SBO tax rate).

Panel B uses the alternative parameters with e;g = 2.0, which means that reducing tz can

substantially reduce ugly damages. The large negative CH term (—0.172) is offset by a positive
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“own damage” term of 0.101 and a positive revenue term of 0.056, so that the overall SBO tax
rate T becomes a subsidy (—0.014). These SBO rates face the same revenue requirement,

however, so 7 rises to 0.237 (despite MED of only 0.05).

Figure 1: Effects of Varying Key Parameters on the Two SBO Tax Rates
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To show the effects of parameters on the two SBO tax rates, Figure 1 varies one key
parameter at a time. If U and B are better substitutes (higher e;5), we expect a lower SBO tax on

B. As expected, the upper left figure shows how a larger ez leads to a smaller 7. If ey is
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high enough, 75 can be less than 7; or even negative. Even when landfill (or flaring of methane)
has substantial external costs, for example, a tax on it encourages enough ugly pollution that the
SBO policy is a subsidy to bad pollution. The figure also shows effects of a revenue requirement:
a lower 75 requires a higher tax on good disposal ;.

The upper right figure shows analogous results for e;;;. When U and G are weaker
substitutes (leftward on the horizontal axis), the extra tax on bad disposal becomes shrinks. In the
other direction, if ey is high enough, then 7 turns negative. The SBO policy toward good
disposal can be a subsidy, in order to get all revenue from bad disposal and avoid ugly disposal.

Primary parameters start with equal weights on the three wastes (0x;= Oxg= Oxy=0.1).
The center left of Figure 1 varies the weight on bad disposal 8 from half to twice that value
(from 0.05 to 0.20). All other shares are changed proportionately so that all shares add to one. '
Perhaps surprisingly, the figure shows that a larger bad disposal share reduces the SBO tax on
bad disposal. The explanation is that a higher share for bad disposal means more revenue from
any particular tax rate, so a lower Ty raises more revenue than otherwise. Analogously, the
center right figure shows that a larger share for good disposal 8, reduces the SBO tax on good
disposal. Then, given fixed total revenue, a lower t; implies a higher 7.

Next, we vary the assumed marginal external damages. Initial values are u; = 0.05,
ug = 0.15, and puy = 0.5. Intuitively, one might expect a higher u;; to reduce the SBO tax rate
on whichever alternative is a better substitute for ugly disposal. When other parameters remain at
their initial values, however, the two taxable alternatives are equally good substitutes for ugly
disposal — and the CH terms in Equations (5.1) and (5.2) reduce to zero. Then Ey; and Eyp in
Table 3 equal zero. In that case, neither SBO tax rate varies with yy;, but instead 7z is always
higher than 7 (because pg is higher than u;). When the social planner cannot act directly or
indirectly to reduce costly ugly disposal, the next best step is simply to control damages from
bad disposal. We do not show the figure with two flat lines as py varies.

Instead, the bottom left of Figure 1 increases pup and shows that 7y rises. Then, because
of the fixed revenue requirement, 7; can become negative with a higher pp.

Table 2 shows that T = 0.022 with all assumed primary parameter values, but the lower

right corner of Figure 1 shows that increases in this fixed revenue requirement raises both SBO

13 For example, increasing 6y from 0.10 to 0.19 means that we reduce both Oy and 8y by 10% (from 0.35 to
0.315) and both Ok and Ok by 10% (from 0.10 to 0.09).
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tax rates. At a revenue requirement of zero, the curve for 75 starts out positive and 7 is negative
(to capture the fact that bad disposal is more damaging than good disposal). The difference

remains constant, as both tax rates rise with the revenue requirement.

Figure 2: Relative SBO Tax Rates for Varying MED and Allen Elasticities
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Next, Figure 2 varies two parameters within each diagram. Appendix L provides the
replication code for this figure. In the upper left panel (2A), the horizontal axis varies ey (0.5 in
our primary parameters), and the vertical axis varies the MED per unit of ugly disposal, u;; (also
0.5). The red dot shows the point with all primary parameters, where the SBO tax on bad waste

exceeds the SBO tax on good waste, as expected. If we keep uy; fixed at 0.5 and move west,
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reducing ey to 0.18 or below makes 7 turn negative (a subsidy to good disposal). If we instead
move east, increasing eyg to 0.82 or above raises the SBO tax on good disposal above the SBO
tax on bad disposal. Finally, still keeping y;; at 0.5, then increasing ey to 1.83 or above turns 7g
negative. In general, 75 is more likely negative with a high ey, a high y, or both.

In other words, the optimal policy could subsidize badly polluting behavior if the even-
worse ugly disposal is highly damaging and cannot be reduced directly but can be reduced
enough by subsidizing a less-polluting alternative.

As shown at the right edge of 2A where ez = 2.0, primary values for other parameters
implies 75 < 0. Next, to focus on that case where bad waste is the best substitute for ugly waste,
the entire panel 2B uses ey = 2.0. In panel 2B, the horizontal axis varies the sheer size of ugly
disposal g (the fraction of total productive factors used for dumping, where 0.10 is the primary
choice). The vertical axis varies pg, the MED from bad disposal. The red dot shows the point
with parameters other than ez set to primary levels (e.g., ug = 0.15).

Because eyp = 2.0 leads to a negative Ty in panel 2A, the purpose of panel 2B is to show
that 7 is raised back above zero by increasing the MED from bad disposal (moving north) or by
increasing the sheer size of ugly disposal (moving east). Thus, even when panel 2A shows that a
high e,z means subsidizing bad disposal (as expected by the CH effect), the northeast corner of
panel 2B shows that a large weight on ugly disposal (8 ) and a high MED from bad disposal
(ug) make it important to tax bad disposal and subsidize good disposal.

The lower left panel 2C reverts to varying e,z on the horizontal axis (as in 2A), but the
vertical axis varies the total revenue required (7). At low total revenue, either good disposal is
subsidized if it is a better substitute for ugly (low ey ), or bad disposal is subsidized if bad is a
better substitute for ugly. With higher needs for revenue mean that neither is subsidized, but the
better substitute for ugly still receives a lower SBO tax rate.

Finally, panel 2D varies 8y on the horizontal axis and O on the vertical axis. Primary
parameters still yield 75 < 7 , but a larger share of factors used for good disposal can reduce 7;
below zero, while more factors for bad disposal make it easier to reduce 7z below .

Our analytical model is general enough to study any of the six examples of pollution
policy listed in our introduction — and other pollution problems as well. Any example is
represented in our AGE model by a particular set of share and elasticity parameters. Thus, an

expert on any specific policy problem can best choose the specific parameter values for that
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problem and can find the point in our figures that best represents that policy problem — to see
whether bad pollution would optimally be taxed or subsidized. For more precision, a simple
program can be written using equations (5.1) and (5.2) to calculate the SBO tax rates on good

and bad disposal options. Or, upon request, we authors can provide our Python program.
8. Conclusions

This paper builds and employs a new analytical general equilibrium model to find a
closed-form solution for the second-best optimal tax on a relatively “good” clean production or
disposal method, and the tax on a “bad” polluting production or disposal method, in the case
where no tax can be imposed or enforced on the most polluting “ugly” production method (e.g.
venting methane) or disposal method (e.g., illegal dumping). This model can be applied to any
environmental pollution problem, including disposal into the air, water, or land. We show that
the tax on bad disposal might be lower than the tax on good disposal, if ugly disposal is enough
better as a substitute for bad disposal than it is for good disposal. Our model captures not only
differences in how PE cross-price elasticities help determine GE effects of each disposal tax, but
also how all own-price and cross-price elasticities and share parameters help determine those GE
outcomes, including the amount of untaxed ugly disposal. And the GE change in disposal
amounts are what matter for setting the two SBO tax rates. We also show how these elasticities
combine with each disposal method’s marginal external damage parameter to determine the two
SBO tax rates on good and bad disposal.

We provide a formal analysis of the policy problem with untaxed pollution, but our intent
is not for policymakers to insert numbers into our formulas to set actual tax rates. The analysis is
intended only to clarify conceptual issues for thinking about policy. Available data and estimates
are not sufficiently reliable to calibrate this model precisely for a particular problem with three
types of pollution, because it would require three own-price elasticities, three cross-price
elasticities, and multiple share parameters. Illegal emissions are very difficult to observe. But our
model provides clear intuition about the nature of second-best policy for any pollution problem,
and our results show which parameters need to be estimated to improve policymaking when

some of the worst emissions cannot be directly controlled.
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Appendix A — Simplified Model Welfare Analysis and Demands

This appendix has derivations used in both special cases, for welfare and for demands.
For both simplified models, income is the sum of exogenous income I and transfer of revenue
back to households: I = I + T. With no taxes, exogenous income is enough to pay for all three
goods in utility, so I = ¢;G + cgB + cyU. With taxes, the revenue is T = 174G + t3B + 15 U.

Households get back the revenue per household, T, but they view it as fixed. They maximize:

L =¥[G,B,U; nG,nB,nU] + Al — pgG — ppB — pyU] (1.1

Step 1A. When households choose quantities of G, B, and U to maximize utility subject to their
budget constraint, they take as given all income I = I + T and externalities nG, nB, and nU.

First-order conditions (FOC) are:

oy oy oy
5¢ = M6 » 55 = App . and —- = Apy.

The omniscient social planner knows those FOC and knows that any tax shock can change each
of the quantities in the household choices, in the externalities, and in the revenue transfer, T. For

the social planner, only I is exogenous.

Step 2A. The social planner totally differentiates utility and inserts first-order conditions to get:

ov¥

oy oy
d¥ = Ap;dG + ApgdB + ApydU + %ndG + wndB + %ndU.

Step 3A. Divide by 4, the marginal utility of income, to convert d¥ into the dollar value of the

change in utility (qul). Then use the definitions for the marginal damage per unit of disposal:



d‘P
" (P — Ug)dG + (pp — up)dB + (py — uy)dU.

Step 4A. The price per unit of disposal is the sum of a cost and potential tax (p; = ¢; + t; fori =

G, B, U). Substitute the per unit cost and per unit tax for prices to get:
dv
T = (TG - ,uG)dG + (TB - ﬂB)dB + (TU - ,U.U)dU + CGdG + CBdB + CudU.

Step 5A. The household budget constraintis: I = [ + T = p;G + pgB + pyU. In that budget,
l'is c;G + cgB + cyU. By definition of exogenous income, we have dI = 0. Therefore, dI =

ccdG + cgdB + cydU = 0, and the equation in the previous step (4A) becomes:

dv

= (T — 1)dG + (t5 — up)dB + (ry — uy)dU.

Step 6A. Divide both sides by income I, to express that cash-equivalent change as a fraction of
income. Then use the hat definitions (e.g., G = dG /G) to get:

Ay G . B U (1.2)

ST (16 —.UG)TG + (735 _HB)TB + (ty —.UU)TU

Step 7A. Next, we linearize the demand equations. Equations (2.1)—(2.3) are the demand
functions for disposal: G = G (pg, P, Py, 1), B = B(p¢g, ps, Py, 1), and U = U(p¢, s, Py, 1)-
These three demand functions are strictly analogous to each other, so we show the derivation

only for G. First, totally differentiate G = G (pg, pg, Py, ) to get:

dG = 06 —d 06 —d 06 —dpy + o6 dl.
ope pe + Fr pp + oy Pu a1
Then divide by G, and multiply each term on the right by one (e.g., ZG, ZB ZU or —) to get:

dG  0G pgdps , 0G ppdpg . 0G pydpy  0G I dl

G_aPGG Pe Opg G pg opy G py alG I’

Use hat definitions on G and the prices to get:
0G p; __ 0G 'pBA 0G py __ aGli
90 G T o c PP T o g PV T arg

Assume homothetic preferences among all three disposal methods, which means that the

G =

aG I
elasticity of demand with respect to income must be one for each disposal method ( ke

BI1 _dU I
T = 1). Then we can write the entire equation as:
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G = agePg + agePp + aguby +1, (2.1)
where a;; = ;—;% (fori,j = G, B, U). In general, each a;; is the elasticity of demand for i with
J

respect to a change in the price of j. Following the same logic explained in greater detail in

Appendix D, we use the properties of the Allen elasticities that says a;; = e;;0;;, where e;; is the

Allen partial elasticity of substitution and 6, j = p#l'j is the share of income spent on j. Allen also
shows that e;; < 0, that e;; = e;;, and that a;; + a;5 + a;; = 0.
Step 8A. Next, we linearize equations for changes in prices. In equations (2.4)—(2.6), the price
per unit of disposal p; is the sum of a cost per unit ¢; and potential tax per unit 7; (p; = ¢; + 1;
fori = G, B, U). Totally differentiate p; = c; + 74:

dpg = dcg + dtg.
The cost per unit is fixed (dc; = 0). Divide both sides by p, and multiply dt; by one (z—g):

dpe  Tc dtg
P PeTe
Use the hat definitions and the ad valorem rate for good disposal to get:
Pe = t6Tq » (2.4)
where t; = 17,/p; 1s the definition for the ad valorem tax rate for good disposal. Derivations for
the changes in prices of bad and ugly disposal are analogous: pg = tzTs and py = tyTy. When

ugly disposal cannot be taxed, 7;; = 0, so the price of ugly doesn’t change (p; = 0).
Appendix B — First Special Case: Corlett & Hague (No Externalities, No Lump Sum Tax)

Here we derive equation (2.8) in the main text, the ratio of ad valorem tax rates with no
externalities and no ability to impose a lump-sum tax. First, we linearize the revenue equation for
taxes on good and bad disposal and substitute all linearized equations into the welfare equation
(1.2). The solution below matches equation (3.21) in Auerbach and Hines (2002).

For Corlett and Hague, exogenous income is fixed and the transfer T is fixed, so income
is fixed (I = 0). The linearized demand equations (2.1) to (2.3) are then: G = ag;Pg + agzPp +
aguPy, B = apePs + appbp + apyby, and U = aysPs + aypPs + ayuPbu-

Step 1B. We now linearize the government revenue equation to describe how an exogenous

change in one tax rate is met with an endogenous change to other. Equation (2.7) for tax revenue

says T = 145G + 15 B. Total differentiation yields dT = dt;G + dGt; + dtgB + dBtg. Divide
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dT _ drgG , dGtg , digB
by T to get: — = =262 4 TG 4 775
T T T T

+ dBTTB . Multiply each term on the right by one (e.g., :—G, g,
G

B B .
o O B) to get:

dt; ;G dG Gt; dtgtgB dBBtp

T = :
% T G T 13 T B T

Use the hat definitions to get:

_ __TgB

G . . .
where 07, = T% and O = — With a fixed government budget, any increase in one tax rate

results in a decrease to the other tax rate (on the normal side of its Laffer curve). Solve for 7; in
terms of T by first setting T = 0 to get:

0 = OrT¢ + 07575 + 076G + O75B.
Step 2B. For the Corlett and Hague model with no externalities and no policy variable on ugly,
set ug; = ug = uy = 0 and 7; = 0. At the optimal rates, no change in either tax rate raises

welfare (d¥ = 0). The welfare equation (1.2) becomes:

G . B
O :TGTG‘}'TBTB.

Step 3B. To solve for 7; in terms of Tz, multiply both sides of the welfare equation from Step 2B
by % and use the definitions of the revenue shares O, = % and ;5 = % to get: 0 =
07cG + O75B. Set the Corlett and Hague welfare equation equal to linearized revenue equation:
076G + 0758 = 076G + 0758 + 07675 + 07575 = 0.
Then subtract 875G + 8758 = 0 from government budget equation to get:
0 = 0767 + O7pTp-

Subtract 85T from both sides, then divide by 81 to get T; in terms of 75:

Step 4B. Substitute linear equations for G and B into the resulting equation from Step 2B. Then
substitute linear equations for p; and pg to get:
G - . B . -
0=1 7 (agetcTe + acptaTs) + Tp 7 (apgteTe + apptpTp).

_Y18
TG

Step 5B. Substitute the equation T; = T from Step 3B, factor out T from both brackets,

and divide both sides by 73 to get:
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G Orp TB
0= TGT(aGBtB — Agglg o )+TBT<aBBtB — agglg o )
TG TG

Step 6B. Rewrite t; and 75 in terms of their prices and ad valorem rates. Substitute t;p. for 7.
and tgpg for 75 to get:

PG Orp psB Orp
0= N (aGBtB — Qggle 9_) tc + T(“BBtB — agglg 0—) tp-
TG TG

Step 7B. Substitute 6;;, the share of income spent on disposal G, for # and 6,5 for g to get:

_ Orp Orp
0 = 016 | agsts — agets o tec + 0, | agpts — apgts o tp.
TG TG

. . . 6
Step 8B. The definition of the government revenue shares allows us to write the ratio gﬁ as
TG

tpppB/T
tgpGG/T
tpppB/I
tepgG/I

. Cancel the T in the numerator and denominator to get ZW—BB Then multiply by one (1—;;

6PGG’

to get . The definitions for the share of income spent on G and B allow us to rewrite this

. gt . gt 0
ratio as —2—=2. Substitute =22 for —2 to get:
f16ta O16te Or¢

O1ptp
O1ctc

O15tp
)ta + 05 <aBBtB — agglg 0 1 >tB-
¢t

0= 0 (aGBtB — Qggle
Step 9B. Substitute e;;6,; for each a;; to get:

O1ptp
0= 6 (HIBeGBtB — Ogecetc 9. )ta + 015 <GIBeBBtB — O1gepetc
icte

015 tB)
B
Oicte

Step 10B. In the second term of each bracket, cancel 8,.t; found in the numerator and
denominator. Then expand the brackets and divide both sides 6,5t to get:

0 = 6i6ecptc — Oicecetc + Oipenpts — epclints.
Step 11B. Add eg;0,5ts and subtract 8;zegpty from both sides:

epcOsts — Oipeppts = Oicecptc — Orcecctc-
Step 12B. The symmetry properties of Allen elasticities allow us to rewrite eg; as e;p on the left
side of the equation and egp as egg on the right side of the equation. Substitute a;; for each
e;j0;; to get:
agptp — applp = Apgls — Agele-

Step 13B. Factor out tz on the LHS and t; on the RHS. Then divide both sides by t; and

(aGB - aBB) to get:
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g _ (age — age)

te (agg — app)
Step 14B. The adding-up constraint says a;; + a;z + a;;y = 0. This equation allows us to
substitute as; = —agg — Ay and agg = —age — agy to get:

lp _ gy +agp + ape (2.8)
tc apy t agp t apg

Appendix C — Second Special Case: Sallee (with Externalities, with Lump Sum Tax)

This Appendix derives an equation equivalent to Sallee (2025) with only three polluting
goods when policy variables exist on just two of the polluting goods. We also give the planner
the ability to raise revenue through a lump-sum tax. Sallee’s model includes two clean goods,

two dirty goods, and a numeraire.

Step 1C. Welfare is maximized when d¥ = 0. With no tax on ugly, set 7; = 0 in (1.2) to get:

0= (¢ —Ma)gé + (7 —.UB)?E —Hugﬁ-
Step 2C. Substitute equations (2.1)~(2.3) for G, B, and U with p; = 0, and then multiply both
sides by I to get:

0 = (t¢ — ue)G(agePe + agebs) + (tg — up)B(apsPs + apsPp) — kyU(aycPe + aysPp)-
Step 3C. Substitute equations (2.4) and (2.5) for p; and pp to get:
0 = (t¢ — )G (agetsTe + agrtpTp) + (15 — ug)B(apetsTe + apptsTs)

— uyU(ayeteTs + ayptsTs).

Step 4C. Subtract 1;G(agetsTe + aggtsTp) from both sides to get:
—16G(ageteTe + agptpTp) = —UG(agetsTe + agptpTs)
+(tp — up)B(apetsTe + agptsTs) — HuU(ayeteTe + ayptpTp)-

Step 5C. Divide both sides by —G (agstsTs + aggtsTp) to get:

U(aygtsTs + ayptpTs) B(apgtsTs + apptpTp)
+ Uy — —+ (up — 7p) — —.
G(agetcTe + agptpTp) G(agetcTe + agptpTp)

T = Ug

Step 6C. Sallee (2025) considers a subsidy-first approach with two clean goods and two dirty
goods, when the tax on both dirty goods is zero while our paper only considers only one untaxed
dirty good. Consider the case where ug = 75, which implies Tz = 0, and the planner only

chooses only 7. The equation above then can then be written:
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T, = + D E——
G = Heg T Uy Gagetots

Step 7C. Cancel the terms t;T; in numerator and denominator to get:

x n Uayg
T, = .
G = He T Hy Gage
C . _ 0U pg — 090G pg
Step 8C. The elasticities in the equation above are defined as ay; = e U and ag; = PR
G G

Since c;; 1s fixed and p; = ¢; + 74, a change in p;; is equal to a change in 7. Therefore, the

derivative of any quantity with respect to p. is equal to its derivative with respect to 7.

. U pg 0G pg .
Substitute e U for ay; and 9 G for ag; to get:

9U pe
UaTG U
T¢ = He T Hu =56 g
015 G
Step 9C. Cancel U, G, and p; to get:
aUu/ot; —oU /ot

¢ = U T MU—GG/BTG = Ug — MU—BG/GTG
This is equivalent to equation (5) in Sallee (2025) shown below with no second untaxed dirty

good (¢, = 0).

—5D3/8S1
5G1 /65’1

_6D4/6S1
5(}1/53‘1 )

51 = ¢, — ¢; N )]

Derive simultaneous closed-form solutions for 7 and 7
Step 10C. Conduct two policy experiments: First, T; > 0 and 7z = 0, and then second, consider

Tg > 0 and 7; = 0. The first experiment yields the following equation:

I UlayetsTs) + (-1 )B(chthE)
¢ =HeTHug (aceteTe) He =T85G (agetcTe)
The second experiment yields the equation:
U(ayptsTs) B(apptsTs)
To =Ug+Uy—————<+ (Up — Tp) =
¢ T GagptsTh) ¥ P G(agptsTh)

Step 11C. Cancel out t;7; in the numerator and denominator of the first experiment to get:

Uaye
+ —
Gage (up — 735)

Bagg

T = Ug + Uy Gl

Cancel out tzTp in the numerator and denominator of the second experiment to get:
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Uayg Bagg
+ —
Gagp (up — 75)

T¢ = Mg t Hy Gy
B

Step 12C. We now have two equations for t; from two policy experiments. Set equations for 7

equal to each other, and then solve for 75:

Uayg Bagg Uayg Bagg
+ + (up — 73 = pg + + (up — 73
He T Uy Gagg (s — T5) Gagg He T Uy Gags (4g — T5) Gagg
Step 13C. Subtract g, py =22 and pp 2B from both sides to get:
Gageg Gage
,Bage  Uayp Uayg o *)BaBB Bagg
B Gagg R Gagp v Gage HB— Ts Gagp e Gagg
Step 14C. Add 7} 2225 t0 both sides to get:
Gagp
, Bagp ,Bages  Uayp Uayg N Bagg Bagg
B Gagp B Gagg B Gagp v Gagg o Gagg Hp Gagg

Step 15C. Multiply each term by one (e.g., Zﬁ or Zﬂ), then combine like-terms to get:
GG GB

- B(agpage — apsags) — U(aypage — Aycacn) +u B(appage — apacs)
g Gagpage v Gagpage ? Gagpage

Step 16C. Multiply both sides by Gaggac. to get:
TpB(appage — apeags) = kyU(aypage — aycer) + 1B (agpdcs — apsacn)
Step 17C. Divide both sides by B(aggag; — Agsagp) to get T; in our text’s equation (2.9b):

+u U(aypace — Aycacr) (2.9b)
v B(aggags — apgagg)

* —
Tp = Up

Step 18C. Steps to solve for the 7 ; are analogous and yield:

+u U(aypage — aycsp) (2.9a)
v G(agpapg — Agcagp)

* —
T¢ = Ug

Equation (2.9) mapped to Sallee’s Notation.

Step 19C. Substitute the definitions of the elasticities a; g S %? foriand j = G,B, U. Then use
J

the same reasoning from Step 8C and substitute the derivative with respect to 7; for the

derivative with respect to p; for j = G, B to get:

oU pp 0G pe _ 0U p; 0G pp

. Udtg U0dtg G 0tg U 0ty G
s = e +#U§ 0B pp 0G ps _ 9B ps 0G pp’
0tg BOot; G 01; Botg G
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Step 20C. Cancel U and B to get:

dU 0G pgp; 0U 0G pgpg
. 0tz 0t; G  O0t;015 G
Ts = B +'uU 0B 0G PeP:c JdB 0G poG.
0tz 01; G 015015 G

Step 21C. Cancel the terms % in the numerator and denominator to get:

oy dU /0ty 0G/dt; — U /dt; 0G/01R
'8 = BB T MU Gp /91, 0G /ot, — 0B/dt; 0G /9T

1
0G/0Tt~0G/0
96/0t96/0tp Uk /97p ) to get:

Step 22C. Multiply the term containing p;; by the one (
3G/0150G/otg

0U/0t1p 0G /01, 0U/0t;0G/0tp

C g 0G/0t; 0G/dtg 0G/0t;0G /01y

'8 = s T UGB /a1, 0G /0T, 0B /01,06 /0ty

0G/0t; 0G /0ty 0G/0T;0G/07p

Step 23C. Cancel common factors to get:

oU/ot; 0U/dty

. 0G/ot; 0G/01g
s =He " MUGB /9t 0B/dt,
0G/oty 0G/0tg

Step 24C. Steps for analogous for 7:

dU/ot;, 0dU/o0tg

. d0B/dt, O0B/01g
te =He ~ W36 7at, 0G/ot,
dB/0tz 0B/0t,

Without a second untaxed dirty good (¢, = 0), the SBO rates are equivalent to equations (3) and
(4) in Sallee (2025) shown below:

oD, ;asz __ @D, ;65',_ '{:>D..§as2 . aD..jasf

* _ oG, /ds, oG, /ds, _ 0G, /0s, 0G, /0s,

s = ¢1 ¢3 8G,/ds, _ 8G,/ds; ¢4 8G,/0s; _ 6Gy/0s; | (3)
_5G2/6s| an/aSz_ _662/8.5‘1 an /aSz_
(6D, /65, _ 8D /s, | (6D, /s, _ 8D./és, |

* _ 8G,/ds,  0G\[bs.| 3G, /s, G, /és,

$2 = 2~ by 0G,/és; _ 6G,/ds, b4 8G,[8s, _ 8Gy /s, | 4)

| 3G, /as, — 3G, [as, | | 3G, /s, ~ @G, /s, |

Proof: Equation (2.9) is the FBO solution.

The equation for 75 from Step 21C says:
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N dU /0ty 0G/dt; — U /dt; 0G/01R
'8 = BB T UGB /91, 0G Jot, — 0B/dt; 0G /9T

Step 25C. Take the partial derivative of the budget constraint I = c;G + cgB + ¢y U with respect

to 75 to get ¢y LR —C¢ 96 _ Cp 95 When Cc, Cg, and ¢y are normalized to one, the partial
a‘L'B 8‘[3 6‘[3
o : .U G B : .
derivative for ugly with respect to 75 is — = —— — —. Analogously, the partial for ugly with
aTB aTB aTB
.U G 0B . G 0B U G 0B U
respect to 7¢ 1s il Substitute (— 975 a) for 9%, and (— Fr E) for 910
(_ 0G 0G 0B 0G | oG 0G | 0B 9G )
. dtgdt; Odtgdt; 01,01 07,07
=Mt 5B a6 BB 3G\
(613 dt; 015 GTB)
Step 26C. Cancel terms in the numerator to get:
(_ 0B 0G , 0B 0G
. dtg 0t;  0Jt; 0713
T8 = He Tt Hy <aB 3G _ 0B ac)
dtg dt; OJt;071p
Step 27C. Factor out —1 from the numerator of the y;; term to get:
<6B 0G 0B 0G
. dtg dt; OJt; 0713
e = o “U<aB 3G _ 0B ac)
dtg dt; OJt;071p
Step 28C. The numerator and denominator are identical, divide to get:
Tp = U — Uy and analogously, t; = gz — Uy (2.10)

Also, writing equations (2.9) as partial derivatives yields that same result when c, cg, and ¢y

are normalized to one.

Appendix D — Linearization of 19 Equations in the Full GE Model

Equation (3.1) says X = Ky /cy. Differentiation yields dX = dcﬁ. Divide by X = IC(—X to get d7X =
X X

(dcﬁ) / (?). The cy terms cancel. Using our “hat” definitions (e.g., X = %), we get X = K.
X X

Equation (3.2) says pxX = pgKx. Total differentiation yields dpx X + pxdX = dpxKx +
pxdKx. Divide all four terms by either pxX or equivalently by px Ky, and use the hat definitions
to get py + X = px + Ky.

Equations (3.3) and (3.4) for output Y are derived in exactly the same way as (3.1) and (3.2).
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Equation (3.5) says K; = c;G. Differentiation yields dK; = c;dG. Divide by K; to get ai{ﬁ _
G
%. Simplify and use the hat definitions to get K; = G.
G

Equation (3.6) says Kz = cpB and is analogous to (3.5), yielding K = B.
Equation (3.7) says K;; = cyU and is analogous to (3.5)-(3.6), yielding K; = U.
Equation (3.8) says K = Ky + Ky + K; + Kz + K. Totally differentiate:
0 = dKy + dKy + dK; + dKg + dKj,.
Kx Ky K¢ K __ Ky

Then divide by K, and multiply each term on the right by one (e.g., o T o e OF —) to get:
X Y G B U

_dKy Kx dKy Ky dK; K; dKg Kz dK; Ky
Ky K Ky K K, K Ky K K; K

Use the hat definitions to get: 0 = KyOxy + KyOxy + K;0xe + KgOxp + KyOxy, where Oy; =
K; -
?l is the fraction of K attributable to K; (fori = X,Y, G, B, U).

Equation (3.9) says p;G = pxcsG + 74;G. Totally differentiate to get dp;G + psdG =
dpgccG + prcsdG + dt;G + 14dG. Divide by p;G and simplify to get:

d dc d c dG pgc digt; dGt
I T R A e
Then use the hat definitions to get:

Pe + G = 05,(Px + G) + 0¢.(Tg + G), where 0, = pxce/pe and O, = 14/
Equation (3.10) says pgB = pxcgB + 15B and is analogous to (3.9), yielding p; + B =
Opp (Px + B) + 05,(75 + B), where Opp = prCp/pp and Op; = 15/pp.
Equation (3.11a) says pyU = pxcyU + T4 U and is analogous to (3.9)-(3.10), yielding py +
U= Oyp (Dk + 0) + 6y, (7 + U). Equation (3.11b) sets 7;; = 8, = 0,s0py + U = px + U.
Equation (3.12) says pyyX = p;G + pgB + pyU. Totally differentiate, divide by py, X, and

multiply each term on the right by one (e.g., =, =, =, =, —, or 2) to get:
p¢ G vp B pUu

pwdX + Xdpy  pcG (dpG N dG) 4 peB (de dB) N puU (dpu N dU)
pwX pwX\ps G/ pwX\pg B/ pwX\py U/
Use the hat definitions to get:

_ bGG _ pPBB
where 8y, = —— ., 0y = — . and Oy, = —.
x¢ =, % YxB =735 XU
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Equation (3.13) says that the full cost of spending on X is pfX = pyX + py X. Totally
differentiate to get dp¥X + pXdX = dpyX + pydX + dpy, X + py,dX. Division by pfX and
simplification yield:

dpf dX d dX d dX

#_}__: I;X_}_pX _I_P;/V_}_PW

bx X Px pxX bx pxX

Multiply the first and third terms on the right by one (e.g., z—x or p—) and use the hat definitions:
X w

pk+ X = O,x (Dx + X+ Opw (Pw + X), where Opx = Z—g and Oy, = Z—g.

Equation (3.14) says X = W (G, B, U). Totally differentiate this technology constraint:

ow ow ow

dX:aGdG+aBdB+6UdU

Then divide by X, and multiply each term on the right by one (e.g., E, E, or %) to get:
dX owdGG owdBB owdUU

X 96 GX OBBX oUUX
Multiply each term on the right by to get:
ow ow ow
dX 3¢ PwGdG N 3 PwB dB N 27 PwU du

X pwX G pwX B pwX U
In a sense, W (G, B, U) is a production function for disposal with inputs G, B, and U. Thus, E;—VG‘/ 1S
the marginal product of G. Multiplying by py, gives the value of the marginal product (VMP).

. .. . . . ] ]
With perfect competition, an input’s VMP is its price (e.g., %pw = pe, %pw = pp, and

Z—IZ Pw = Py)- Use each input price to replace its VMP, and use the hat definitions:

X = GXGG + GXBB + quU Where HXG = pGG’ HXB = M’ and GXU = M
pwX pwX W

Equations (3.15) and (3.16) follow Allen (1938), Mieszkowski (1972), and Fullerton and Heutel
(2007) to model choices among inputs. The firm or household’s cost minimization problem is:

(r;nBi%pGG +pgB + pyU s.t. W(G,BU)=X

(where equations (3.9)-(3.11b) imply p; = pxcs + T, P = PxCs + Tp, and py = pxCy)-
This problem yields demand functions G = G (pg, Pg, Py, X), B = B(pg, P, Py, X), and U =
U(pe, e, Py, X). Those three demand functions are strictly analogous to each other, so we show

the derivation only for G. First totally differentiate G = G (pg, pg, Py, X) to get:
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dG = 96 —d 06 —dpp + ¢ dpy + oG dX
opg pe t 95 PB Iy Pu X
Then divide by G, and multiply each term on the right by one (e.g., pG, zB zU or ) to get:

dG  0G pgdpg N 0G pg dpg N 0G pydpy 0GXdX

G _aPG G pg dpg G pp dpy G py 0XG X

Use hat definitions on G and the prices to get:

0G p; __ +OGpBA+OGpUA+OGX
9p0 G P T ap, G PP T apy 6 PV T OxG

In the last term of that equation, CRTS means that the elasticity of demand for each input with

G =

3GX 3BX BUX

respect to output must be one (— e - 2%5 " XD

= 1). Then we can write the equation as:
G = agePg + agePs + aguby + X,

where ag; = 667— (for j = G, B, U). In general, each a;; is the elasticity of demand for input i
J

with respect to a change in the price of input j. Allen (1938) shows that a;; = e;;0y;, where ¢;; is
the Allen partial elasticity of substitution, and 8y is the share of total disposal expenditure
attributable to disposal type j (as just defined above). Allen also shows that e;; < 0, e;; = e;,
and that a;; + a;5 + a;y = 0. Thus, at most one of e;p, e;y, and egy can be negative. Steps to
solve for B and U are analogous, so we have:
B = ageP; + agpbp + agyby + X
U = ayePs + aypPs + ayyby + X
Since X appears in all three equations (for G, B, and U), it can be eliminated by subtracting the
third equation (for U) from each of the first two equations (for G and B):
G —U = (age — aye)bs + (agp — ayp)Ps + (agy — ayy)by
B —U = (agc — ayc)be + (aps — ayp)bp + (apy — ayy)by

Substitute Allen elasticities for the a;; to get:

A~

G — U = Oxg(ege — eyc)bs + Oxp(ecs — eup)Ps + Oxu(ecu — eyu)Pby (3.15)
B — U = 6xc(epc — eyc)Ps + Oxp(eps — eyp)bs + Oxu(esy — eyy)Pu » (3.16)
where Oy, Oxg, and Oy are disposal expenditure shares, and Oy, + Oxp + Oxy = 1.

Equation (3.17) says T = t;G + 1B, so total differentiation yields dT = dt;G + dGts +

dtgB + dBtg. Divide by T to get: g = 476G

50 4 276 4 T22 4+ 2. Multiply cach term on the
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right by one (e.g., T—, g T—B or —) to get:

. dt.1-.G dG Gt dts 3B dBBt
T:_GG_+_ G+ BB - _'B
¢ T G T g T B T

Use the hat definitions to get:

‘L'BB
T

Equation (3.18) says I = pxK + T. Total differentiation yields dI = dpgK + dT. Then, divide

T = HTG(TG + G) + HTB(TB + B) where HTG = — and HTB

dl dpgK

by I to get —=—* g. Multiply the first term on the right by Z—K and the second term by ;:
K

dl  dp,p,K dTT
I p, I TI
Use the hat definitions to get:
pkK T

I=——pr+ —T.
[ Pt

Equation (3.19) says ¥ = W (X,Y; nG,nB,nU), where the last three entries are not choices of

the firm or household. The elasticity of substitution in utility is defined as oy > 0:

;o " ’
) ) (e (ot _(ox ) (e e
- X - F - ~ F
(P_}/) v2(%) p§z<p_¥> X v py %) py-pk
Px Px
Rearrange this definition to get a behavioral equation, linear in four of the unknown changes:

A ~

X =7 = 0w (py — i)
Appendix E — Intermediate Solutions for Changes in Three Types of Waste

We use the 19 linear equations above to solve for unknown changes in quantities and prices. We

A — A —m A —m oA~ o~

Ps, Pg»> Py, Pw» and p§), two tax rates (75 and 7;), and two other values (T and ). Of those 22
variables, we set one numeraire (px = 0), and one exogenous policy shock (e.g., Tg > 0). We
assume the government budget to be a fixed amount (T = 0), which implies that the exogenous
shock Tz > 0 results in some endogenous change in the other tax rate (7; is unknown). These
steps reduce the number of unknowns from 22 to 19, so we can solve for all unknowns using the
19 numbered equations below (3.1 to 3.19 in the text).

D X =Ky

2) px+X =px +Kx
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3) V=K
4 py+Y=pg+Ky
5 K. =G
6) Kz =B
7 Ky=0U

8) 0 = Kxbyx + KyOxy + Ks0xs + KsOxp + KyOxy
9) P+ G =05p(Px + G) + 0.(75 + G)
10)pp + B = 05,(Px + B) + 65, (5 + B)
1) py; + U =pg +U (using (3.11b))
12) X + py = 0xc(Pg + G) + 0x5(P5 + B) + 0xy(py + U)
13)pE + X = 0,4(Bx + X) + O (B + X)
14)X = 056G + 0yzB + 05, U
15)G — U = 6xg(ee — eyc)be + Oxp(ecs — eun)Pp + Oxulecy — eyu)buy
16) B — U = 6y (epc — eyc)be + Oxp(ess — eyp)Ds + Oxu(esy — eyy)bu
17T = 0r6(T6 + G) + 075(75 + B)
18)] = pr 25+ 17
19)% — ¥ = 0y (fy — p)
Equations (3.15) and (3.16) express G and B as differences from U, so we solve for U first.

Solving for U:

Step 1E. We define the primary input K as the numeraire, so px = 0. Substitute px = 0 into
equations (3.2), (3.4), (3.9), (3.10), (3.11b), and (3.18).

Step 2E. Equation (3.2) minus equation (3.1) yields py = 0.

Step 3E. Equation (3.4) minus equation (3.3) yields py = 0.

Step 4E. By definition, 8¢, + 65, = 1. In (3.9), subtract G from both sides to get by = 05,7
Step SE. By definition, 6g, + 6p; = 1. In (3.10), subtract B from both sides to get py = 05,75.
Step 6E. In equation (3.11b), subtract U from both sides to get p;; = 0.

Step 7E. Since p; = 0, equation (3.12) minus equation (3.14) yields py, = Oxpbp + OxcDé-
Step 8E. By definition, 6,x + 6,y = 1. In equation (3.13), subtract X from both sides and use
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px = 0 from Step 2E to get 1;)7? = OpwDw-
Step 9E. Substitute X = Ky, ¥ = Ky, K; = G, Kz = B, and K; = U into equation (3.8) to get:
0=XOkx +Y0ygy + GOxs + BOyp + Ubyy.
Step 10E. Since py = 0 from Step 3E, equation (3.19) becomes ¥ = X + mp;;?( . Substitute ¥ =
X+ mﬂ;; into the resulting equation from Step 9E to get:
0 = X0xx + (X + 09l )0ky + GOk + BOxs + D6yy.
Step 11E. Since p; = 0 from Step 6E, substitute equations (3.15) and (3.16) into the equation
resulting from Step 10E to get:
0=X0x+ (X + UIP?;)F()QKY + [0xc (g6 — eue)Pe + Oxz(ecs — eyp)Pp + U)0xq
+ [BXG(eBG — eyg)Pe + Oxp(epp — eyp)bp + 6]91(3 + Ubyy.
Step 12E. Substitute equation (3.14) into the resulting equation from Step 11E to get:
0 = (0x6G + OB + Oxy )y + (056G + OxsB + Oxy U + 0k ) Oy
+ [HXG(eGG — eyg)bg + Oxp(ecp — eyp)Pp + U]HKG
+ [0xc(esc — €uc)Ps + Oxp(ess — eyp)Pp + U0k + Uby.
Step 13E. Subtract 8y, Uk, OxyUbky, Ubks, UBkp, and Uby from both sides of the resulting
equation from Step 12E to get:
~0OxyUbkx — OxyUbky — Uy — Uy — Ubyy
= (6x6G + Oy5B)0kx + (OxG + Ox5B + ouplk)Oky
+ [0xc(ege — eus)De + Oxs(ecs — eus)DslOke
+ [0x¢(epc — eue)De + Oxz(esr — eyn)DplOks-
Step 14E. By definition, Oy, + Oxg + Oxy = 1. Substitute Oy = 1 — Ox; — Oxp into the
resulting equation from Step 13E to get:
—(1 = Oxg — Oxp)Ubxx — (1 — Oxg — Oxp) Ubxy — Ubkg — Ubgp — Ubyy
= (6x6G + OxpB)0xx + (6x6G + OxpB + oupk )y
+ [0x6(ege — eus)Pe + Oxs(egs — eup)DrlOke
+ [0xc(epc — eus)Dc + Oxp(eps — eyp)PplOks-
Step 15E. Expand (1 — Oy, — Oxp) to get:
—U0xx — U6xy — Uy — Uy — Ubyy + OxcUbkx + OxpUbyy

+ Oxc U0y + Ox500xy = (056G + 0x58)0kx + (0x6G + Ox5B + 0ypk)Oky
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+ [0x6(ege — eus)Pe + Oxs(egs — eup)DrlOke
+ [0xc(epc — eue)bc + Oxp(ess — eyp)PplOks-
Step 16E. The resource constraint in equation (3.8) implies Oy + Oy + Oxg + Ogp + Oy =
1. The first five terms in the resulting equation from Step 15E sum to —U. Collect them to get:
—U + 05 Ubkx + OxpU0kx + 0xcUbky + Ox5U0ky
= (656G + OxpB)0xx + (Ox6G + OxpB + oupk )y
+ [0x6(ege — eus)Pe + Oxs(egs — eup)DrlOke
+ [0xc(epc — eue)Dc + Oxp(ess — eyp)PplOks-
Step 17E. Subtract Oy;U8xy, Ox5U0kx, OxcUbky, and OyzUbyy from both sides of the resulting
equation from Step 16E to get:
~0 = [636(G = 0) + 0y5(B — 0)]0kx + [6x6(C —0) + 0x5(B —0) + 5wpl]6ky
+ [0x¢(ece — eue)Pe + Ox(ecs — eyr)PplOke
+ [0x¢(epc — eue)De + Oxz(esr — eyn)DplOks-
Step 18E. In the resulting equation from Step 17E, replace G — U and B — U with equations
(3.15) and (3.16), and then factor out each Allen elasticity difference to get:
~U = Ox0x6(ege — euc)Pebkx + OxcOxs (ecc — €ua)Pabky + Oxc (€ — eue)PaOxa
+ 0x50xc(epc — euc)PeOkx + Oxpbxc(esc — eue)Pcbxy + Oxc(epc — eue)Pcbxa
+ 0xc0xp(ecs — eyr)Ppbikx + OxcOxs(ece — eus)PrOxy + Oxp(ecs — eus)PrOxe
+ 0xp0xp(eps — eyp)Debxx + OxpOxs(€ss — €us)PpOky + Oxp(eps — eyp)Psbks
+ ag,};)T;HKy.
Step 19E. Substitute ;;)T? = O,wDw from Step 8E, substitute py, = Oxgpp + OxcPe from Step 7E,
and then combine like terms in pg and pg; to get:
U= [(eGG — eyg)(OxeOkx + OxcOky + Okc) + (epc — euc)(OxpOkx + Oxpbky + Okp)
+ UwngBKY] OxcD¢
+ [(963 — eyp)(OxcOkx + OxcOky + Okc) + (epp — eyp)(OxpOkx + Oxpbxy + Okg)
+ UwngBKY]HXBﬁE-
Step 20E. Substitute p; = 6,7, from Step 4E and substitute pg = 0,75 from Step SE, and
then multiply both sides by —1 to get:
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U= [(eua — e66)(Ox6Okx + OxcOky + Okc) + (eyc — epe)(OxpOkx + OxpOky + Okp)
- UWHpWHKY] Oxc06:Tc
+ [(eUB — egp)(Ox6Okx + OxcOky + Okc) + (eyp — epp)(OxpOkx + OxpbOxy + Okg)
- UWHpWHKY] Ox50p:Tp-
Step 21E. Expand the resulting equation from Step 20E so that each Allen elasticity separately

multiplies a group of factor shares to get:
U = ey ((Oxs + 0x8) (Bxx + Oky) + Okg + ki) — €6 (Oxc (Bxx + Oxy) + Oxe)
— epg(Oxp(Okx + Oky) + Okp) — UwepWGKY]HXGHGrfE
+ [eus((Bxc + Oxz) (Bkx + Oxy) + Ok + Okn) — €6s(Oxc (Bxx + Oiy) + Oxc)
— epp(Oxp(Ogx + Oky) + Okp) — UwepWHKY]GXBGBrfE-
Step 22E. By definition, Oy; + Oxg + Oxy = 1. Substitute 1 — Oy, for Oy, + Oxp to get:
U = ey ((1 = 0x) (Bxx + Oxy) + Ok + ki) — €6 (Oxc (Bxx + Oxy) + Oxc)
— epg(Oxp(Okx + Oky) + Okp) — UwepWGKY]HXGHGrfE
+ [eys((1 = Oxy) (Bix + Oky) + Ok + Oxp) — ez (Oxg (Bxx + Oy) + Oie)
— epp(Oxp(Ogx + Oky) + Okp) — UwepWHKY]GXBGBrfE-
Step 23E. Expand each parenthesis except (Oxx + 0ky), and then reorganize terms to get:
U = ey (Okx + Oky + ke + Oxp) — (Oxx + Oky) (eucOxu + €660x6 + epcOxn) — €c6Oke
— epglkp — UwepWGKY]HXGHGrfE
+ [eys(Bkx + Oy + Ok + Okp) — (Bkx + Oxy)(eupbxy + eapbxc + essbxp) — egpbkc
— eppbkp — UwepWHKY]GXBGBrfE-
Step 24E. The resource constraint implies Ogy + Oxy + Ogg + Oxp + Oxy = 1. Substitute 1 —
Oky for Ogy + Oy + Ogq + Ok to get:

U = ey (1 — Oxy) — (Bkx + Oxy)(€ucOxu + €c0xc + €pcOxs) — €660k — €scbxs
- UwepWHKY] Ox06:Tc
+ [eyp(1 — Oxy) — (Bxx + Oxy) (eypbxy + €6abxc + €ssbxs) — €csOxc — €z
- UwepWHKY] Ox50p:Tp-
Step 25E. The adding-up constraint for the Allen elasticities says that a;; + a;5 + a;y = 0,

where a;; = e;;0y;. They are also symmetric, so e;; = e;;. Substitute zero for both ey 0xy +
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eccOxc + epcOxp and eypOxy + eqpOxc + epplxp to get:
U= [euc(l — Okv) — eccOxe — epcOxp — Uqf@pWeKY]GXGHGTfE
+ [eUB(]- — Oku) — eebxc — eppOkp — UwngQKY]HXBGBrfE-

Step 26E. Define g5 as the intermediate elasticity for the percent change in U from a one
percent change only in 5. Analogously, define gy as the intermediate elasticity for the percent
change in U from a one percent change only in 7.

€up = [eUB(l — Oku) — egp(Okp) — ecp(Oke) — UWGpWGKY]GXBGBT

&ue = [eUG(l — Okuv) — €66 (Okc) — epc(Okp) — UwepweKY]HXGHGr

Step 27E. Substitute €5 and gy into the resulting equation for U from Step 25E to get:
U = eypTs + £y6Ts (4.1)
Solving for B:

Step 28E. Since py = 0 from Step 6E, equation (3.16) becomes:
B — U = 6xg(ess — eys)bp + Oxs(ens — €uc)Pe-
Step 29E. Add U to both sides and substitute the resulting equation from Step 25E to get:
B = 0xp(epp — eyp)Pp + Oxc(epc — €ys)Ps
+ [eUB(1 — Oxy) — epp(Okp) — egp(Okg) — UWBpWQKY]BXBBBTfE
+ [eve (1 — Oky) — ece (Bke) — ene(Oxp) — O_WBpWQKY]BXGHGTfE'
Step 30E. Substitute pg = 05,75 from Step SE and substitute p; = 05,7 from Step 4E to get:
B = (epp — eyp)Oxpbp:Ts + (eps — €yc)Oxc06:Tc
+ [eUB(1 — Oxy) — epp(Okp) — egp(Okg) — UWBpWQKY]BXBBBTfE
+ [eve (1 — Oky) — ece (Bke) — epe(Oxp) — O_WBpWQKY]BXGHGTfE'
Step 31E. Combine like terms to get:
B = [eUB(_eKU) + epp(1 — Op) — eqp(Oke) — UWHpWQKY]HXBQBrfE
+ [eUG (—0xy) — eg(Oke) + epg(1 — Okp) — Uwgpwexy]exaearfg-
Step 32E. Define €55 as the intermediate elasticity for the percent change in B from a one
percent change only in 5. Analogously, define €5 as the intermediate elasticity for the percent

change in B from a one percent change only in ;.

€gp = [eUB (—Oky) + epp(1 — Oxp) — egp(Bks) — UWQpWHKY]GXBQBr
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€pc = [euc (—Oku) — egc(Oke) + epg(1 — Okp) — U‘PepWQKY]HXGGGT

Step 33E. Substitute 5 and g5, into B from Step 31E to get:

B = eppTp + £567¢ (4.2)

Solving for G:

Step 34E. Since py = 0 from Step 6E, equation (3.15) becomes:
G — U = Oxp(ecs — eys)Pp + Oxc(ece — euc)Pe-
Step 35E. Add U to both sides and substitute the resulting equation from Step 25E to get:
G = Oxp(ecs — eyp)Pp + Oxs(ecc — eus)Peo
+ [eUB(l — Oxy) — epp(Okp) — egp(Oks) — JwepWHKY]HXBHBrfE
+ [eua(l — k) — €66 (Okc) — epc(Okp) — UwepWHKY]HXGGGrfE-
Step 36E. Substitute pg = 05,75 from Step SE and substitute p; = 0;,7; from Step 4E to get:
G = (egp — eyp)OxpOp:Ts + (€66 — €uc)Oxcb6:Ta
+ [eUB(1 — Oxy) — epp(Okp) — egp(Oks) — UwepWQKY]QXBHBT‘fE
+ [euc(l — Oky) — ecc(Oks) — epg(Okp) — O'WHpWGKY]HXGHGrfE-
Step 37E. Combine like terms to get:
G = [eUB (—0ku) — epp(Okp) + egp(1 — Okg) — UwepWHKY]QXBQBrfE
+ [eye (—0xu) + ece (1 — Bkg) — epg(Oks) — O-'PHpWHKY]HXGQGTfE-
Step 38E. Define €5 as the intermediate elasticity for the percent change in G from a one
percent change only in 75. Analogously, define €5 as the intermediate elasticity for the percent
change in G from a one percent change only in 7.
&g = [eUB (—Oxu) — epp(Bkp) + eqp(1 — Oyg) — GWHpWHKY]QXBQBT
ecc = [eve(—0ku) + ece(1 — Oke) — epc(Okp) — Uwepngy]excgcr
Step 39E. Substitute €5 and g4 into G from Step 37E to get:

A~

G = €6pTp + €66Ta (4.3)
Appendix F — Closed-form Solution for 7; in Terms of Parameters and Exogenous 7Tg

Using equations (3.17), (4.2), and (4.3), we solve for 7 in terms of the exogenous shock
75 to get closed-form solutions for G, B, and U. We set 75 > 0 as the exogenous shock and T =

0 with a fixed government budget, so we are left with three unknowns (G, 7, and B). Use the
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following three equations to solve for three unknowns:

T=0r(7;+ G)+6.5(75 + B) (3.17)
B = eppTh + 5676 (4.2)
G = e6pTp + £66T¢ (4.3)

Step 1F. Substitute equations (4.2) and (4.3) for B and G into equation (3.17) for T
T = 01676 + Or6(e6aTs + £66T6) + OrpTs + Orp(€ssTh + €36T5)-
Step 2F. Assume a fixed revenue requirement, so set T = 0:
0 = 0767 + 076 (€6pT5 + €66T6) + O7pTE + Or5(€pTE + €56T0)-
Step 3F. Subtract O;T;, OrcEceTe, and OrpepsT; from both sides to get:
—0r¢T¢ — OrcEceTc — OrBEBcTe = OrcEcnTs + OrpTp + O1BERRTH-
Step 4F. Factor out 7, on the left-hand side and 75 on the right-hand side to get:
—(Or¢ + Orgege + Orpepc)Tc = (Orgecp + Orp + OrpERp)TH-
Step S5F. Define E; as the GE elasticity of total tax revenue T for a change in the tax rate on
good disposal t;. Analogously, E;p is the GE elasticity for the percent change in T from a one
percent change in 7. We assume that both tax rates are on the normal side of the Laffer curve,
so that Tz > 0 raises revenue that can be used to cut the other rate (7; < 0).
Erg = 016 + OrgEce + OrpEne
Erg = Orgeep + Orp + Orpepp

Step 6F. Substitute E; and Ep into the resulting equation from Step 4F to get:

Er¢Tec = —ErpTs (4.4)
Step 7F. Divide both sides by —E to get:
o = _Ere
G Erg P

Appendix G — Closed-form Solutions for G, B, and U with Exogenous Shock 75

Step 1G. Substitute the resulting equation from Step 7F into equations (4.1), (4.2), and (4.3) to
get:

~

_ o~ ETp —~ 5 —~ ETB ~ 5o —~ ETp ~
G = €T — &g % B> B = eppTp — €p¢ % UB> and U = eypTp — €yg o LB
TG TG TG

Step 2G. Factor out 75 in each equation to get:

I~ _ ETB o~ =3 _ ETB o~ =5 _ ETB o~
G = (SGB — &g6 _) T, B = (SBB —&c =) 1B, and U = €yB — €yg =— ) Tpg-
Erg Erg Erg
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Step 3G. Define E;5 as the full GE elasticity for the percentage change in disposal i from a one

percent change in the tax on the bad disposal, Tp. Using these three definitions, we have:

~ - E

G = EGBTB where EGB = &6B — €g6 Eﬁ (45)
TG

~ - _ E

B == EBBTB Whel‘e EBB = SBB - SBG Eﬂ (46)
TG

-~ o _ E

U S EUBTB Whel‘e EUB = SUB - SUG ﬁ (47)

Appendix H — Welfare Analysis when All Three Disposal Methods Are Taxable

Use equation (3.11a), which includes a tax on the ugly (7y), instead of (3.11b) to derive
the FBO Pigovian solution when all three polluting inputs have a policy variable. We previously
defined household utility in Equation (3.19) as:

Y =Y(X,Y;nG,nB,nU).

First solve the household’s problem (and later the social planner’s problem):

Step 1H. Substitute the waste function X = W (G, B, U) from equation (3.14) into the household
utility function. Do not alter the budget constraint yet. The household chooses G, B, U, and Y to
maximize the Lagrangean:
L=¥Y[W(G,B,U),Y; nG,nB,nU] + A[l — pkX — pyY] (5.0)
Step 2H. Substitute pyX + py, X for pfX from equation (3.13) to get:
L=YW(G,B,U),Y; nG,nB,nU) + A[l — pxX — pwX —pyY].
Step 3H. Substitute p;G + pgB + py U for py, X from equation (3.12) to get:
L=Y(W(G,B,U),Y; nG,nB,nU) + A[l — pxX —psG — pgB — pyU — pyY].
Step 4H. Substitute W (G, B, U) for X in the budget constraint to get:
L=Y(W(,B,U),Y; nG,nB,nU)
+ Al —pxW(G,B,U) — pgG — pgB — pyU — pyY].
Step SH. Use pxcsG + 174G for p; G, use pxcgB + t5B for pgB, and use pxcyU + Tt U for pyU
from equations (3.9), (3.10), and (3.11a) to get:
L=YW(G,B,U),Y; nG,nB,nU) + A[l —pxW(G,B,U)
—PrCcG — TG — pxcpB — 1B — prcyU — 1yU — pyY].
Step 6H. Differentiate the Lagrangean with respect to G, taking nG, nB, and nU as given. Then

set the derivative equal to zero, and solve the first-order condition for A to get:
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owow ow _
X906 A[pX%+ PrCc + TG] =0

opow ow
X aG A [Px% + Pl t TG]

oyow
0X 0G — /1

E]
PX% + pkCc t 76

Step 7H. Repeat for B, U, and Y to get:

owow ow _
90X 0B A[pxﬁ-l_pKCB +TB] =0

ovow ow
avan = 2|3 +pecs + 7]

oyYow
d0X 0B A

. —
PX% + pkcp + Tp

owow ow _
axou A[pxﬁ-l_pKCU +TU] =0

owow _ ow
axou A [pXW t Py + TU]

owow
9X U 1

[i]
PX% +pgcy + Ty

d
o= Alpy] =0

d

% = Alpy]
k4

oY = )

Py

Step 8H. After solving first-order conditions, the household sets the marginal utility of income:

awow awaw awow aw
1= 90X 0G — 0X 0B — 90X U _ oy
oW =7 aw =7 aw =
(pXﬁ"'pKCG"'TG) (pXﬁ+PKCB+TB) (pXﬁ"'pKCU'H'U) py

The social planner’s problem:

Step 9H. Totally differentiate utility in equation (3.19) to get:
a¥ ow ay ow ay ow

W=xac“toxam Bt xav W
+aqde+ v ag + ow dB + o dU
oY onG " onB " onu 47

Step 10H. The omniscient social planner then substitutes the household’s first-order conditions

from Steps 6H and 7H to get:
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ow ow
dllu = A(pxﬁ‘l‘ PkCq +TG> dG +A(pXﬁ+pKCB + TB) dB

+/1( W o+ )dU+/1 av + 2% e+ 2 nap + 2 nav
Px 3y T PkCu T Ty N Y onu Y

Step 11H. Totally differentiate the economy’s resource constraint in equation (3.8), K = Ky +
Ky + K; + K + Ky, to get dK = dKy + dKy + dK; + dKy + dKj;. The left-hand side reduces
to zero because K is fixed, so 0 = dKy + dKy + dK; + dKg + dK.
Step 12H. Multiply each term by the price of the primary input pg to get:
0 = pxdKx + pxdKy + pxdK; + pdKg + prdKy.
Step 13H. Substitute the zero-profit conditions from equations (3.2) and (3.4) to get:
0 = pxdX + pydY + pxdK; + pxdKg + prdKy.
Step 14H. Total differentiation of equation (3.5) yields dK; = c;dG. Differentiations of
equations (3.6) and (3.7) are analogous. Substitute the differentials to get:
0 = pxdX + pydY + pgcedG + pxcgdB + prcydU.
Step 15H. Subtract pydY from both sides, and then multiply both sides by —1 to get:
pydY = —pxdX — pxcedG — pxcgdB — prcydU.
Step 16H. Substitute dX = aa—f dG + aa_r;;/ dB + Z—Z dU from equation (3.14) to get:

ow ow oaw
pde = _pxﬁdG - pxﬁdB - pXWdU - pKCGdG - pKCBdB - pKCUdU'

Step 17H. Substitute the resulting equation from Step 16H for p,dY into the resulting equation
for d¥ from Step 10H to get:

W
+ pxcg + TB) dB

W o pece + )dG+/1< J
PkCc T 1g anB

d
4 :A(pX%

ow ow ow ow
+A1 <PXW + pxcy + TU> dUu — /’leﬁdG — /’leﬁdB — ApXWdU — ApgcedG

—ApgcgdB — ApgcydU + a—lpndG + a—lpndB + a—lpndU.
onG onB onU
Step 18H. Cancel the negative terms against the terms inside the parentheses to get:
d¥ = A(t;)dG + A(tg)dB + A(ty)dU + a—lpndG + a—andB + a—lpndU.
onG onB onU

Step 19H. Divide by A, the marginal utility of income, to convert d¥ into the dollar value of the

change in utility (quI):
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dv n d¥ n d¥ n ¥
Step 20H. Define the marginal external damages (MED) per unit of good, bad, and ugly disposal:
_  nov _  nov¥ _  nov¥
Mo = —75— Hp = —55— and Uy = ——-—-.

Step 21H. Substitute ug, ug, and yy into the resulting equation from Step 19H to get:
d¥

7 == (TG)dG + (TB)dB + (TU)dU - ‘U.GdG - /J.BdB - ,uudU
Step 22H. Combine like terms to get:

A'd

- (tg — Ug)dG + (tp — pp)dB + (Ty — py)dU.

Step 23H. Multiply (t; — ug)dG by g, (tg — ug)dB by g, and (ty — uy)dU by %, and use the

hat definitions to get:
dy¥ o . ~
" (¢ — Ue)GG + (13 — up)BB + (ty — puy)UU.

Step 24H. Divide both sides by income I, to express that cash-equivalent change as a fraction of

income. Then our measure of the relative change in welfare is:

av G . B . U .
T (16 _MG)TG'l'(TB _.uB)TB+(TU_,uU)7U

Utility is maximized when d¥ = 0. We assume that the second-order sufficient conditions hold.

(1.2)

The FBO Pigovian solution occurs when each policy variable (7, Tg, and 1) is set equal to its

respective marginal external damage (i, Ug, and py).
Appendix I — Welfare Analysis with No Tax on Ugly Disposal

When ugly disposal cannot be taxed (z;; = 0), equation (1.2) becomes:

4w G . B. U. (1.2
ST (¢ —HG)TG + (75 _MB)TB —HyTU

Find the “best constrained” tax rate Ty given a fixed non-optimal z;:

Continuing with the case where T is the exogenous shock, we first solve for the best
constrained tax rate 7z with two policy constraints — where t; is fixed at zero and t; is fixed at
some arbitrary (potentially non-optimal) level. Set the change in utility in (1.2”) to zero to solve
for the planner’s 7z that maximizes welfare. That is, reorganize terms so that the pre-existing 75

in (1.2°) is by itself on the left-hand side.
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Step 11. Subtract (15 — ug) ?E from both sides of (1.2°):
B . G . U ..
—(tp _:uB)TB = (76 _.UG)TG _MUTU

Step 2I. Divide both sides by B and multiply both sides by I:

A~ —

G U
—(tg —ug)B = (4 — G=—uylU—=
(Tg — Up) (¢ .UG)B .UUB
Step 31. Divide both sides by B (and then remove the parentheses on the left-hand side):
GG uu
—Tp + kg = (Tg — Ug) BE MB3
Step 41. Subtract ug from both sides, and notice that all y; on the right side have the same sign:
4 )6 G Ul
Tp = —Up T (Tg — Ug BB 'uUBE

Step SI. Multiply both sides by —1 to get the best constrained tax rate 7z when 7; = 0, and the

other tax rate is fixed:

. GG Ul
75 = pp + (Ug —TG)EE‘*‘#UEE

Step 61. Substitute equations (4.5), (4.6), and (4.7) for G, B, and U, and cancel the exogenous 75

from the numerator and denominator of each ratio to arrive at a closed-form solution for 75:

G (E U /E
T = Up + (HG_TG)§< GB) + ﬂUE( UB)

EBB EBB
~— —
Revenue Term Corlett—Hague Term

This best constrained tax T is comprised of three MED parameters (i, Ug, and py), two
ratios of pre-existing polluting inputs (g and %), the fixed existing 7, and three GE elasticity

parameters (E;p, Egg, and Eyp). Each GE elasticity combines revenue elasticities (Erg and Erg)
and intermediate elasticities (€55, £¢g> €B6> €BB> €Ug> and £yp), and each intermediate elasticity

combines PE elasticities (all of the e;;).

Similar steps to solve for the best constrained tax rate 7 given a fixed non-optimal 75:

Here, we also start with equation (1.2’) above, but instead of assuming an exogenous shock 75,

we consider an exogenous shock 7.

Step 71. Subtract (15 — ug) % G from both sides of (1.2°):



-A27-

G . B U _.
—(t¢ —ug)7G =@ —up) 7B —py U
I I I
Step 8I. Multiply both sides by 1/(GG), and remove parentheses on the left side:
= B B uo
T¢ THe = \Tp — Up GC .uUG@
Step 91. Subtract u; from both sides:
4 B B Ul
T¢ = U T (Tp — Up GC .UUGGA
Step 101. Multiply both sides by —1:
. BB uu
T¢ = te + (Up _TB)EE‘*‘#UEE
Step 111. Now treat T; as the exogenous shock. Rewrite equation (4.4) as Tg = — iﬂfg and
TB

substitute into equations (4.1)—(4.3) to get three equations analogous to (4.5-4.7) in the text:

~ — E 9
G = EGGTG Whel‘e EGG = €66 — EGB% (45 )

A~ — _ E )
B = EBGTG Where EBG = €p;g — €BB Eﬁ (46 )
TB

5 —~ E ’
U= EUGTG where EUG = Eug — SUBEﬂ , (47 )
TB

Then use equations (4.5')—(4.7’) for the GE changes (G, B, and U) into the equation for t}; above,
and cancel the shock 7; from the numerator and denominator of each ratio to arrive at a closed-

form solution for the best constrained 7 (given 7= 0 and a fixed 75 that might not be optimal):

X B (Epgg U EUG)
T = Hg (up —75) G <EGG) Uy G (EGG

Revenue Term Corlett—Hague Term

Appendix J — Solving for Both SBO Tax Rates Simultaneously

The equations above for Tz and t; do not yet determine the levels of the two SBO tax
rates that could operate simultaneously to maximize utility (given the untaxable nature of ugly).
Each equation gives the best constrained value of one tax rate, for an existing value of the other
tax rate that is arbitrary (and could be non-optimal). Equations for 75 and t; in Appendix I may
appear to be two linear equations in two unknowns, but they do not consider the required
government revenue. Steps 1J to 8J prove that “best constrained” equations in Appendix I are co-

linear. Steps 9J to 18] use the revenue requirement in equation (3.17) as the second independent
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equation to solve for simultaneous SBO tax rates.
Proof: the “best constrained” tax rate equations in Appendix I are co-linear.
Step 1J. Use the equation for 7/ above to replace t; in the equation for T to get:

. _ B (Epg U (Eys\\ G (Ecs U (Eyp
Tp = Up + \He — #G"‘(.UB—TB)E Foc +.“UE Eoc))) B\Eyy #UB Erp

Step 2J. Cancel the u; terms and distribute the minus sign outside the square bracket to get:

i = o + [0 =) (529) ~ g (529)] 3 (2) + o 5 (2)
B = MUp T Up B G \Eqq .UUG Epe)) B\Egp #UB Epg

Step 3J. Bring % inside the square bracket so that 2 p E cancels in the first term and %% simplifies
to % in the second term, to get:
i = [ o =) (522) =0 5 (722)] (22) + 10 5 (222)
B = Mp T Hp B Epg Hy B\Ez:/1\Eps Hu 5 B\Egs

Step 4J. Distribute 22 across the square bracket to get:
Epp

EBGEGB) U <EUGEGB>] U (EUB)
_ =22

ko + = _ e e
Tp = Up [ (up — 75) <EGGEBB Ug EocEpp u B

EBB

Step 5J. Expand (ug — 75) (LEGB) and remove the square bracket to get:

EpcEcp . (EBGEGB>_M g(EUGEGB> U g(@)
PEccEpy  © \EggEpg) VB \EgcEgg) "B \Egg

Step 6J. In equations (4.5)—(4.7) and (4.5°)—~(4.7’), E;; is the full GE elasticity for the percentage

*—
Tp = HUp —

change in disposal i from a one percent change in the tax on disposal j. The mathematical
definitions of these GE elasticities are E;5 = €;5 — &6 }gﬁ and Ej; = € — € %. Notice that
the symmetry between these two definitions is due to the balanced budget constraint in equation
(4.4), where revenue raised from an increase in the tax on disposal j requires an offsetting

: . E
change in the other tax rate. Therefore we can rewrite each E;; as — E—TG E;p because Ej; = €6 —

- iﬂ = —;ﬂ gip — Eic gﬂ] = —ZﬁELB Substitute — E—ElB for each Ej; in the resulting
TB TB TG TB TB
equation from Step 5J to get:
E E E
- _ETG EcpEpp - _ETG EcpEpp ul — _ETG EcpEyp U /E
L -y, ——TB =B o |_y - =B _(ZUB
s =Hp — U + 7 E HUB E +HUB<E )
—ZIep FE It FE e FE BB
GB™~BB GB*~BB GB*~BB
Erp Erp Erp
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Step 7J. Cancel the common factors from the numerator and denominator of each ratio to get:
U (Eyg U (Eyg
Tp = Hp — Up + Tp _MU§<E_BB) +MU§(E_BB>
Step 8J. Cancel the two ug terms and the two y; terms to get:
Tp = 1B
The substitution of 7 in Step 1J yields a best constrained rate equal to its initial equilibrium rate.
The “best constrained” equations in Appendix I describe the same exact linear equation. Nothing
in the two co-linear equations determines the two tax rates that together collect the required
government revenue, so we use the revenue requirement in equation (3.17) as the second
independent equation.
Solve for the SBO Tax on the Bad:
Step 9J. Equation (3.17) says T = 75,G + 153B. The revenue constraint also applies at the
optimum rates, so T = ;G + tgB. Subtract 7z B from both sides, and divide by G to get:
T —13B
G

Step 10J. Substitute this expression for 7 into the equation for 75 in Appendix I to get:
T - TEB G EGB U EUB
CEun U s
G B Epp B Egp

;=

TE=MB+<MG—

Step 11J. Expand

T—15B G ., B. "
;B and cancel . with —~in the Tz term to get:

) T\GEss .Ecs  UEys
TB_”B+<“G G)BEBB+TBEBB+”UBEBB

Step 12J. Subtract 75 iﬁ from both sides, factor out 7z on the left side, and rearrange to get:
BB

*(1 EGB)_ N UEUB_I_( T)GEGB
Tp Epg = Up .UUBEBB Ug G)BEgsp

Step 13J. Divide both sides by ( - iﬂ) to arrive at equation (5.1) in the text:

BB
U (Eup _I,G(Egp
ket Mg (EBB) + We-Pp (EBB)
= Corlett—Hague Term Revenue Term
5 1 _EGB/EBB (5‘1)

Solve for the SBO Tax on the Good:

Step 14J. Return to Step 9J, where T = 17;G + 75B. Subtract ;G from both sides, and then



-A30-

divide by B to get:
T —1:G
B
Step 15]. Substitute this expression for Tz into the equation for 7/ in Appendix I to get:
T —1;G\ B Egg UEy¢
LT

T =

T2=HG+(MB_

T-156

Step 16J. Expand 5

and simplify to get:

T)BEBG . Epc UEyg

c=ut (g — S ) s T Uy =
Tc = Hg (.UB B)GEge TGEGG #UGEGG

Step 17J. Subtract 7 iﬁ from both sides, factor out 7; on the left side, and rearrange to get:
GG

*(1 EBG)_ N UEUG+< T)BEBG
TG Eoe = Ug /JUGEGG Up B) G Egg

Step 18J. Divide both sides by ( — ZLG) to arrive at equation (5.2) in the text:

GG
U (Eye _TI,B (Epc
He + Mg (EGG) + -3 (EGG)
Tt = Corlett—Hague Term Revenue Term
¢ 1—Epe/Ege (5.2)

Appendix K — Calibration

Here, we describe our hypothetical calibration, later used to illustrate optimal policies. In
Table 2, the first column reports assumed allocations of primary factors, in shares 8; that sum to
one, as required by text equation (3.8). We assume Oyy = Oxy = 0.35, and Ox; = Ok = Oxy =
0.1. The tax is assumed to be ten percent of the consumer’s price of disposal, for each disposal
method (so 8;; = 8, = 0.1). Thus, by equations (3.9) and (3.10), we are assuming that the
private cost shares are 6, = 0, = 0.9. Lastly, in this first column, the elasticity of substitution
between X and Y in utility, oy, is assumed to be one.

The middle column reports implied values of other parameters. If we normalize income
to 1.0 and all pre-tax prices to 1.0, then Oy, = Oxp = Oxy = 0.1 in the first column implies that
disposal quantities are G = B = U = 0.1. Then the implied breakdown of total waste into three
types of disposal must sum to one, as in equation (3.14), so 8x; = Oxg = Oxy = 0.333. Full

spending on good X includes the production cost of 0.35 and three disposal costs that add to
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0.30. Those costs sum to 0.65, so equation (3.13) implies that the production cost share must be

Opx = % = 0.538 and the disposal cost share must be 8,,,, = % = 0.462.

Next, the full cost of good disposal is the sum of private cost (pxc; G, which is 0.9 of the
full cost p;G) plus tax cost (t;G, which is 0.1 of the full cost). Thus, we divide the normalized
private cost per unit of disposal (pxc; = 1.0) by the private share (0.9) to get the cum-tax price
of disposal (p; = 1.111). By our symmetrical assumptions, the initial pg is also 1.111. Then,
multiply each full price by the tax share (0.1) to get each tax rate (t; = 75 = 0.111). Both taxed
disposal methods have the same tax rate and quantity, so each provides half of the revenue
(81 = Org = 0.5). Plug those values into equation (3.17) to get tax revenue T = 75,G + 75B =
(0.111)(0.1) + (0.111)(0.1) = 0.0222 (as a fraction of national income).

The rightmost column reports marginal external damage from each disposal method and
the assumed Allen elasticities. Chosen damage parameter values satisfy 0 < p; < ug < py,
namely: u; = 0.05, ug = 0.15, and py; = 0.5. We also assume that every cross-price Allen
elasticity is e;; = 0.5. The three disposal shares are equal, so the adding-up constraint of the
Allen elasticities implies that each own-price elasticity is e;; = —1.

Table 3 maps the Allen PE elasticities into intermediate and full GE elasticities. Each
intermediate elasticity is the percent change in the quantity of one type of disposal from a one
percent change in one tax rate, before the revenue constraint requires an offsetting change in the
other tax rate. Substitute values from Table 2 into the definitions for the intermediate elasticities
in equations (4.1)-(4.3). Symmetry across assumed parameter values makes all intermediate
cross-price elasticities equal to:

g = [0.5(0.9) — (=1)(0.1) — 0.5(0.1) — (1)(0.462)(0.35)](0.333)(0.1) = 0.011.
By the adding-up constraint (e;;0x; + €;g0xp + €iyfxy = 0, fori = G, B, U), the own-price
intermediate elasticities are equal to:

&; = [0.5(—-0.1) + (—1)(0.9) — 0.5(0.1) — (1)(0.462)(0.35)](0.333)(0.1) = —0.039.

Then, in the rightmost column, Table 3 reports the GE elasticities for our hypothetical
initial equilibrium. Plug in values for the intermediate elasticities and the shares of tax revenue
from good and bad disposal methods into the definitions following equation (4.4) to get the GE
elasticities of total tax revenue:

Er¢ = Erg = 0.5 + 0.5(—0.039) + 0.5(0.011) = 0.486.
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Then use the definitions in equations (4.5)-(4.7) to calculate the full GE elasticities E;;. Due to

the symmetry of our assumptions about disposal in the initial equilibrium, the initial E;5/Erq =
1. In this case, equations (4.5)-(4.7) imply that each full GE elasticity in our initial equilibrium is
simply a difference between intermediate elasticities:

Eyp=¢€yg —€yc =0, Egcg = € — €g¢ = 0.050, and Egp = €z — €5 = —0.050.

Next, Table 4 shows how a relatively small change in just one of the initial cross-price
Allen elasticities can flip the sign of a GE elasticity. The first column retains earlier assumptions
for Allen cross-price elasticities (0.5), except that ey is increased to 2.0. Simultaneously, we
adjust ey and epp to satisty the adding-up constraint for the Allen elasticities (described in
Appendix D and here in Appendix K above), so the Allen elasticities ey and egp are both —2.5.

The intermediate elasticities are calculated in the manner described for Table 3 above.
Values for &5 and €gp are altered to reflect new initial Allen elasticities in the first column. The
other intermediate elasticities are unchanged because &y, €g¢, and g;; do not involve ey or
egp, and the changes offset each other in ;5. The new GE elasticities also reflect the change in

eyp and the simultaneous change in egp. Values for the rightmost column are calculated as

described for Table 3.
Appendix L — Replication Code for Figure 2

In [1]: import numpy as np
import matplotlib.pyplot as plt
from matplotlib.lines import Line2D

In [2]: # Parameter values from Table 2

BASE = dict(
theta_KX=60.35, theta_KY=0.35, theta_KG=0.10, theta_KB=0.10, theta_KU=0.10,
theta_XG=1/3, theta_XB=1/3, theta XU=1/3,
theta_pX=0.35/0.65, theta_pW=0.30/0.65,
theta_Gtau=0.10, theta_Btau=0.10,
theta_TG=0.5, theta_TB=0.5,
sigma=1.0, T=(0.10/0.90)*0.1 + (0.10/0.90)*0.1,
mu_G=0.05, mu_B=0.15, mu_U=0.5,
G_X=0.1, B_X=0.1, U X=0.1,
e UG=0.5, e UB=0.5, e _GB=0.5, e BG=0.5,
e GG=-1.0, e BB=-1.0, e _UU=-1.0)

BASE['e BG'] = BASE['e GB']

In [3]: # Allen adding-up constraint
def adding_up_own(eUG, eUB, eGB, eBG, tXG, tXB, tXU):
return (-(eGB*tXB + eUG*tXU)/tXG,
-(eBG*tXG + eUB*tXU)/tXB,
-(eUG*tXG + eUB*tXB)/tXU)
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In [4]: # SBO tax rates from equations (5.1) and (5.2)
def compute_sbo(p):

tKY, tKG, tKB, tKU = p['theta_KY'], p['theta_KG'], p['theta_KB'], p['theta_KU']
tXG, tXB = p['theta XG'], p['theta_XB']

tpW = p['theta_pW']

tGt, tBt = p['theta_Gtau'], p['theta_Btau']

tTG, tTB = p['theta_TG'], p['theta_TB']

s, T, mG, mB, mU = p['sigma’], p['T'], p['mu_G'], p['mu_B'], p['mu_u']
GX, BX, UX = p['G_X'], p['B_X"], p['U_X"]

eUG, eUB, eGB, eBG = p['e UG'], p['e_UB"'], p['e GB'], p['e_BG']

eGG, eBB = p['e_GG'], p['e_BB']

st = s * tpW * tKY

# intermediate elasticities, equations (4.1)-(4.3)

eps_UB = (eUB*(1-tKU) - eBB*tKB - eGB*tKG - st) * tXB * tBt
eps_UG = (eUG*(1-tKU) - eGG*tKG - eBG*tKB - st) * tXG * tGt
eps_BB = (eUB*(-tKU) + eBB*(1-tKB) - eGB*tKG - st) * tXB * tBt
eps_BG = (eUG*(-tKU) - eGG*tKG + eBG*(1-tKB) - st) * tXG * tGt

* *
eps_GB = (eUB*(-tKU) - eBB*tKB + eGB*(1-tKG) - st) * tXB * tBt
eps_GG = (eUG*(-tKU) + eGG*(1-tKG) - eBG*tKB - st) * tXG * tGt
# revenue GE elasticities, equation (4.4)

E_TG = tTG + tTG*eps_GG + tTB*eps_BG

E_TB = tTB + tTB*eps_BB + tTG*eps_GB

if abs(E_TG) < 1le-12 or abs(E_TB) < 1le-12: return np.nan, np.nan

# full GE elasticities, equations (4.5)-(4.7)

rB = E_TB / E_TG

E_GB = eps_GB - eps_GG*rB; E_BB = eps_BB - eps_BG*rB; E_UB = eps_UB - eps_UG*rB
rG = E_TG / E_TB

E_GG = eps_GG - eps_GB*rG; E_BG = eps_BG - eps_BB*rG; E_UG = eps_UG - eps_UB*rG
if abs(E_BB) < 1le-12 or abs(E_GG) < 1le-12: return np.nan, np.nan

# Simultaneous SBO tax rates, equations (5.1) and (5.2)

den_ B = 1 - E_GB/E_BB

den_G = 1 - E_BG/E_GG

if abs(den_B) < 1le-12 or abs(den_G) < 1le-12: return np.nan, np.nan

tau_B = (mB + (mG - T/GX)*(GX/BX)*(E_GB/E_BB) + mU*(UX/BX)*(E_UB/E_BB)) / den_B
tau_G = (mG + (mB - T/BX)*(BX/GX)*(E_BG/E_GG) + mU*(UX/GX)*(E_UG/E_GG)) / den_G
return tau_B, tau_G

In [5]: # Confirming Allen Properties
def allen_ok(p):

mun

Own-price elasticities negative and the weighted Allen matrix
negative semidefinite (cost minimization requires both)."""
if p['e_GG'] >= @ or p['e_BB'] >= @ or p['e_UU'] >= @: return False
th = np.array([p['theta_XG'], p['theta_XB'], p['theta_Xu']])
e = np.array([[p['e_GG'], p['e GB'], p['e_UG']],
[p['e GB'], p['e BB'], p['e UB']],
[p['e_UG"'], p['e UB'], p['e UU']]])
return np.linalg.eigvalsh(th[:, None] * e * th[None, :]).max() <= le-9

In [6]: # Varying Parameters

def

def

set_eUB(p, Vv):
"""Change e_UB; adjust own-price elasticities to satisfy adding-up.
p['e_ UB'] = v
p['e GG'], p['e_BB'], p['e_UU"] = adding_up_own(
p['e UG'], p['e_UB'], p['e_GB'], p['e_BG'],
p['theta_XG'], p['theta_XB'], p['theta_Xu'l])
return allen_ok(p)

won

set_thetakU(p, v):

"""Change theta_KU; rescale the other theta K's from their primary values
to sum to one and recompute the expenditure shares (apply to a fresh copy
of BASE; modifiers are not meant to be chained)."""

if v <= 0.01 or v >= 0.99: return False

sectors = ['theta_KX', 'theta_KY', 'theta_KG', 'theta KB']

old_sum = sum(BASE[s] for s in sectors)
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p['theta_ KU'] = v
for s in sectors:
p[s] = BASE[s] * (1.0 - v) / old_sum

cost_G = p['theta_KG'] / (1 - p['theta_Gtau'])
cost_B = p['theta KB'] / (1 - p['theta_Btau'])
cost_U = p['theta_KU']

pW_X = cost_G + cost_B + cost_U
pF_X = p['theta KX'] + pW_X
p['theta_pX'] = p['theta_KX'] / pF_X; p['theta_pW'] = pW_X / pF_X
p['theta_XG'] cost_G / pW_X; p['theta XB'] = cost_B / pW_X; p['theta_XU'] =
cost_U / pW_X
p['e GG'], p['e_BB'], p['e_UU"] = adding_up_own(
p['e UG'], p['e_UB'], p['e_GB'], p['e_BG'],
p['theta_XG'], p['theta_XB'], p['theta_Xu'])
return allen_ok(p)

In [7]: # Check the primary calibration against values in Tables 2 and 3
tb, tg = compute_sbo(dict(BASE))
print(f"Primary calibration: tau_B* = {tb:.6f}, tau_G* = {tg:.6f}")
print(f"Revenue check: {tg*BASE['G_X'] + tb*BASE['B_X']:.6f} = T = {BASE['T"']:.6f}")
p = dict(BASE); st = p['sigma']*p['theta_pW']*p['theta_KY']
eps_UB = (p['e_UB']*(1-p['theta_KU']) - p['e BB']*p['theta KB'] -
p['e_GB']*p['theta KG'] - st) \
* p['theta_XB']*p['theta_Btau']
eps_BB = (p['e_UB']*(-p['theta_KU']) + p['e_BB']*(1-p['theta_KB']) -
p['e_GB']*p['theta_KG'] - st) \
* p['theta_XB']*p['theta_Btau']
print(f"Table 2 check: eps_UB = {eps_UB:.3f} (0.011), eps_BB = {eps_BB:.3f} (-0.039)")

Primary calibration: tau_B* = 0.161111, tau_G* = 0.061111
Revenue check: ©.022222 = T = 0.022222
Table 2 check: eps_UB = 0.011 (0.011), eps BB = -0.039 (-0.039)

In [8]: # Four-region plot
def plot_regions(x, y, tauB, tauG, xlabel, ylabel, dot, fname, labels=()):
X, Y = np.meshgrid(x, y)
diff = tauB - tauG
fig, ax = plt.subplots(figsize=(10, 8))
for tx, ty, s in labels:
ax.text(tx, ty, s, fontsize=20, fontweight='bold', transform=ax.transAxes)
ax.contourf(X, Y, ((diff > 9) & (tauB >= 9) & (tauG >= 0)).astype(float),
levels=[0.5, 1.5], colors=["'#c8f7c8'], alpha=0.5)
ax.contourf(X, Y, ((diff < @) & (tauB >= 9) & (tauG >= 0)).astype(float),
levels=[0.5, 1.5], colors=["'#ffffbo'], alpha=0.6)
ax.contourf(X, Y, (tauB < ©0).astype(float), levels=[0.5, 1.5], colors=['#f7c8c8'],
alpha=0.5)
ax.contourf(X, Y, (tauG < 0).astype(float), levels=[0.5, 1.5], colors=['#f5d@ad9'],
alpha=0.6)
ax.contour(X, Y, diff, levels=[0], colors='#006400', linewidths=3.5)
ax.contour(X, Y, tauB, levels=[0], colors='#0000cc', linewidths=3.5, linestyles="-
-1
ax.contour(X, Y, tauG, levels=[0], colors='#cc0000', linewidths=3.5,
linestyles=":")
ax.plot(*dot, 'o', color='red', markersize=12, zorder=10)
ax.legend(handles=[
Line2D([@], [@], color='#006400', lw=3.5, label=r'$\tau”* B = \tau~* G$'),
Line2D([@], [@], color='#0000cc', 1lw=3.5, 1ls='--', label=r'$\taur* B = 0%$'),
Line2D([@], [@], color='#ccoo00', lw=3.5, 1ls=':', label=r'$\taur* G = 0%$')],
loc="upper right', fontsize=16)
ax.set_xlabel(xlabel, fontsize=18); ax.set_ylabel(ylabel, fontsize=18)
ax.grid(True, alpha=0.3)
plt.tight_layout(); plt.savefig(fname, dpi=150, bbox_inches="tight")
n = 200
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In [9]: # Panel A: e UB vs. mu_U
X = np.linspace(©.01, 2.9, n); y = np.linspace(0.2, 1.9, n)
tauB = np.full((n, n), np.nan); tauG = np.full((n, n), np.nan)
for i, mu_U in enumerate(y):
for j, e_UB in enumerate(x):
p = dict(BASE); p['mu_U"'] = mu_U
if not set_eUB(p, e_UB): continue
tauB[i, j], tauG[i, j] = compute_sbo(p)
plot_regions(x, y, tauB, tauG,
r'Allen Elasticity $e_{UB}$ (adjusting $e_{BB}$ and $e_ {UU}$)',
r'MED for Ugly $\mu_U$', (0.5, ©0.5), 'panelA.png’,
labels=[(0.02, ©0.80, r'$\tau** G < 0%'), (0.19, 0.80, r'$\taur* B >
\taur* G$'),
(0.42, 0.80, r'$\taur* B < \taur* G$'), (0.63, 0.80, r'$\taur* B

<0$")1)

def crossing(fun, lo, hi):
flo = fun(lo)
for _ in range(60):
mid = 0.5%(lo + hi)
if np.sign(fun(mid)) == np.sign(flo): lo = mid
else: hi = mid
return 0.5%(lo + hi)
def at(e_UB, k):
p = dict(BASE)
if not set_eUB(p, e_UB): return np.nan
tB, tG = compute_sbo(p)
return {'tG': tG, 'diff': tB - tG, 'tB': tB}[k]
zG = crossing(lambda v: at(v, 'tG'), ©.05, 0.5)
zBG = crossing(lambda v: at(v, 'diff'), 0.5, 1.5)
zB = crossing(lambda v: at(v, 'tB'), 1.0, 2.0)
print(f"Panel A at mu_U = 0.5: tau _G* = © at e_UB = {zG:.4f}; "
f"tau_B* = tau_G* at {zBG:.4f}; tau_B* = 0 at {zB:.4f}")
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In [10]: # Panel B: theta KU (x) vs mu_B (y) with e UB = 2
x2 = np.linspace(0.01, 0.25, n); y2 = np.linspace(0.0501, 0.50, n)
tauB2 = np.full((n, n), np.nan); tauG2 = np.full((n, n), np.nan)
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for i, mu_B in enumerate(y2):
for j, tkKU in enumerate(x2):
p = dict(BASE); p['e_UB'] = 2.0
if not set_thetakU(p, tKU): continue
# kReep mu_B > mu_G
if mu_B <= p['mu_G']: continue
p['mu_B'] = mu_B
tauB2[i, j], tauG2[i, j] = compute_sbo(p)
plot_regions(x2, y2, tauB2, tauG2,
r"Factor Share for Ugly $\theta {KU}$ (other $\theta {Ki}$'s rescaled and
$e_{UB}=2%)",
r'MED for Bad $\mu_B$', (0.10, ©.15), 'panelB.png',
labels=[(0.60, 0.90, r'$\tau”* G < 0%'), (0.60, 0.63, r'$\taur*_B >
\taur*_G$'),
(0.60, 0.30, r'$\taur* B < \taur* G$'), (0.60, 0.05, r'$\taur* B
< 0%")])
pB = dict(BASE); pB['e_UB'] = 2.0; set_thetakuU(pB, ©.10)
tb2, tg2 = compute_sbo(pB)
print(f"Panel B red dot (theta_KU=0.10, mu_B=0.15, e _UB=2): tau_B* = {tb2:.4f}, tau_G*
= {tg2:.4f}")
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